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HOPF ALGEBRAS ARISING FROM DG MANIFOLDS
JIAHAO CHENG, ZHUO CHEN, AND DADI NI
Abstract. Let (M, Q) be a dg manifold. The space of vector fields with shifted degrees
(X (M)[−1], LQ) is a Lie algebra object in the homology category H((C
∞
M, Q)−mod) of dg
modules over (M, Q), the Atiyah class αM being its Lie bracket. The triple (X (M)[−1], LQ;
αM) is also a Lie algebra object in the Gabriel-Zisman homotopy category Π((C
∞
M, Q)−mod).
In this paper, we describe the universal enveloping algebra of (X (M)[−1], LQ; αM) and prove
that it is a Hopf algebra object in Π((C∞M , Q)−mod). As an application, we study Fedosov dg
Lie algebroids and recover a result of Stie´non, Xu, and the second author on the Hopf algebra
arising from a Lie pair.
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1. Introduction
Atiyah classes were introduced by Atiyah [2] as the obstruction to the existence of a holomor-
phic connection on a complex manifold. It was shown by Kapranov [15] that the Atiyah class of
a complex manifold X endows the shifted holomorphic tangent bundle TX [−1] with a Lie algebra
structure in the derived category of coherent sheaves of OX -modules, and thus Atiyah classes
form a bridge between complex geometry and Lie theory. This structure plays an important role
in the construction of Rozansky-Witten invariants [17]. In his work on the deformation quan-
tization of Poisson manifolds [18], Kontsevich indicated a deep link between the Todd genus of
complex manifolds and the Duflo element of Lie algebras. For a wealth of further investigation,
see [7, 11, 14, 33].
Lie algebroid pairs (Lie pairs in short) arise naturally in a number of classical areas of math-
ematics such as Lie theory, complex geometry, foliation theory, and Poisson geometry. Recall
that a Lie algebroid over K where K denotes either of the fields R or C, is a K-vector bun-
dle L → M together with a bundle map ρ: L → TM ⊗R K called anchor and a Lie bracket
[ , ] on the sections of L such that ρ: Γ(L) → X (M) ⊗R K is a morphism of Lie algebras and
[X, fY ] = f [X,Y ] + (ρ(X)f)Y , for all X , Y ∈ Γ(L) and f ∈ C∞(M,K). By a Lie pair (L,A),
we mean an inclusion A →֒ L of Lie algebroids over a smooth manifold M .
A complex manifold X determines a Lie pair over C: L = TX ⊗ C and A = T
0,1
X . A foliation
F on a smooth manifold M determines a Lie pair over R: L = TM and A = TF (the integrable
distribution on M tangent to the foliation F). A g-manifold, i.e., a smooth manifold equipped
with an infinitesimal action of a Lie algebra g, gives rise to a Lie pair in a natural way (see
[28, Example 5.5], [25], and [22]).
Stie´non, Xu, and the second author introduced the Atiyah class of Lie pairs in [9], which
encodes both the Atiyah class of complex manifolds and the Molino class [29] of foliations as
special cases. Towards a different direction, Mehta, Stie´non, and Xu [27] introduced the Atiyah
class and the Todd class of dg manifolds. By a dg manifold, we mean a Z-graded manifold M
endowed with a homological vector field, i.e. a vector field Q ∈ X (M) of degree (+1) satisfying
Q2 = 0. They are sometimes referred to as Q-manifolds in the mathematical physics literature,
for instance, in Schwartz’s pioneering work on geometry of Batalin-Vilkovisky quantization [32],
and that of Alexandrov-Kontsevich-Schwarz-Zaboronsky on the geometry of the master equation
and topological quantum field theory (known as AKSZ) [1]. They also arise naturally in many
situations in geometry, Lie theory, and mathematical physics. For instance, see [23] for the
formality theorem for smooth dg manifolds, which implies the Kontsevich-Duflo theorem for Lie
algebras and Kontsevich’s theorem for complex manifolds [18] under a unified framework.
In the present paper, we study a dg manifold (M, Q), and the associated Atiyah class, which
is an element
αM ∈ HomH((C∞
M
, Q)−mod)((X (M)[−1], LQ)⊗C∞M (X (M)[−1], LQ), (X (M)[−1], LQ)),
where (C∞M, Q)−mod is the category of dg modules over (M, Q) and H((C
∞
M, Q)−mod) is the
homology category of (C∞M, Q)−mod. In Mehta-Stie´non-Xu [27], it is shown that the K-vector
space X (M)[−1] admits an L∞-algebra structure with LQ = [Q, · ] as the unary bracket and the
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Atiyah cocycle that represents the Atiyah class αM as the binary bracket. Consequently, the
triple (X (M)[−1], LQ; αM) is a Lie algebra object in the homology category H((C
∞
M, Q)−mod)
and in the Gabriel-Zisman homotopy category Π((C∞M, Q)−mod) as well, where the Atiyah class
αM is regarded as a Lie bracket on X (M)[−1] (see Sections 4 and 5 for more details).
We are motivated by Ramadoss’s work [30] where it is proved that for a smooth scheme
(X,OX) over C the universal enveloping algebra of the Lie algebra object TX [−1] in D
+(OX),
the derived category of bounded below complexes of OX -modules, is the Hochschild cochain
complex (D•poly, dH) of polydifferential operators on X , which is also a Hopf algebra object in
D+(OX). This result played an important role in the study of the Riemann-Roch theorem [26],
the Chern character [30], and the Rozansky-Witten invariants [31].
It is well known that every ordinary Lie algebra g admits a universal enveloping algebra U(g),
which is a Hopf algebra. We are thus led to the natural question: does there exists a universal
enveloping algebra for (X (M)[−1], LQ; αM) in the homotopy category Π((C
∞
M, Q)−mod) and,
if so, is it a Hopf algebra object?
In this paper, we give a positive answer to the questions above. Consider the space of dif-
ferential operators on M which we denote by DM. Let (D
1
poly, LQ, 0) be the (C
∞
M, Q)-complex
(see Section 2 for this notion) which is a copy of (DM, LQ) concentrated in horizontal degree
(+1). We then form the space of polydifferential operators Dpoly : = ⊗˜
•
D1poly. Together with
LQ and the Hochschild differential dH , the triple (Dpoly, LQ, dH) is a Hopf algebra object in
the category Ch((C∞M, Q)−mod) of (C
∞
M, Q)-complexes. Let (L(D
1
poly); 〚 , 〛) be the free Lie
algebra generated over C∞M by D
1
poly. We have the Lie algebra object (L(D
1
poly), LQ, dH ; 〚 , 〛)
in Ch((C∞M, Q)−mod) (see Sections 2 and 3 for details).
The first main result of this paper is the following theorem.
Theorem 1.1. [see Section 5, Theorem 5.7]
(1) The natural inclusion map θ : (X (M)[−1], LQ) → (tot L(D
1
poly), LQ + dH) is an iso-
morphism in the homotopy category Π((C∞M, Q)−mod). Moreover, it is an isomorphism
of Lie algebra objects (X (M)[−1], LQ; αM) → (tot L(D
1
poly), LQ + dH ; 〚 , 〛), i.e., the
following diagram commutes in Π((C∞M, Q)−mod):
(X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)
αM //
θ⊗θ

(X (M)[−1], LQ)
θ

(tot L(D1poly), LQ + dH)⊗C∞M (tot L(D
1
poly), LQ + dH)
〚 , 〛 // (tot L(D1poly), LQ + dH) .
(1)
(2) The (C∞M, Q)-module (totDpoly, LQ + dH) is the universal enveloping algebra of the Lie
algebra object (X (M)[−1], LQ; αM), and is a Hopf algebra object in Π((C
∞
M, Q)−mod).
This result is an analogue of Ramadoss’s Theorem 2 in [30] in the context of dg manifolds.
In Diagram (1), the Atiyah class αM on the upper side reflects the geometric information of
(M, Q), while the Lie bracket of the lower side is the naive free Lie algebra bracket over C∞M,
which is a pure algebraic operation. Thus Diagram (1) can be seen as a universal representation
of Atiyah classes of dg manifolds.
We are also motivated by Chen-Stie´non-Xu’s [8,9] where it is shown that the quotient L/A[−1]
of a Lie pair (L, A) is a Lie algebra object in the derived category Db(A) of the category of A-
modules, the Atiyah class
αL/A ∈ H
1
CE(A,Hom(L/A⊗L/A,L/A))
∼= HomDb(A)(Γ(L/A)[−1]⊗C∞M Γ(L/A)[−1],Γ(L/A)[−1])
being its Lie bracket (see Section 6 for more details). Recall also the constructions of a Hopf
algebra object (D•poly(L/A), dH) and a Lie algebra object (L(D
1
poly(L/A)), dH ; 〚 , 〛) in the cat-
egory of cochain complexes of A-modules in [8]. The graded Lie algebra L(D1poly(L/A)) is freely
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generated over C∞M by D
1
poly(L/A), where D
1
poly(L/A) is placed in degree (+1). Moreover, we
have:
Theorem 1.2. [8, Proposition 4.2]
Let β : Γ(L/A)[−1]→ (L(D1poly(L/A)), dH) be the natural inclusion map.
(1) The map β is an isomorphism in the derived category Db(A) of A-modules. Moreover, it
is an isomorphism of Lie algebra objects, i.e., the following diagram commutes in Db(A):
Γ(L/A)[−1]⊗C∞M Γ(L/A)[−1]
αL/A //
β⊗β

Γ(L/A)[−1]
β

(L(D1poly(L/A)), dH)⊗C∞M (L(D
1
poly(L/A)), dH)
〚 , 〛 // (L(D1poly(L/A)), dH) .
(2)
(2) The cochain complex of A-modules (D•poly(L/A), dH) is the universal enveloping algebra
of the Lie algebra object (Γ(L/A)[−1]; αL/A), and is a Hopf algebra object in D
b(A).
Certainly, one can regard Diagram (2) as a universal representation of Atiyah classes of Lie
pairs. It is therefore natural to ask how the Diagrams (1) and (2) are related and how the Hopf
algebras (totDpoly, LQ + dH) and (D
•
poly(L/A), dH) are related.
This question can indeed be answered by considering the Fedosov dg manifold and the Fedosov
dg Lie algebroid arising from a Lie pair. Stie´non and Xu introduced these objects in [34] —
Given a Lie pair (L, A) and having chosen some additional geometric data, one can endow
the graded manifold MF := L[1] ⊕ L/A with a structure of dg manifold (MF, QF), called a
Fedosov dg manifold. It turns out that there exists a natural dg integrable distribution F →֒
TMF on (MF, QF). They call this dg Lie algebroid (F , LQF) a Fedosov dg Lie algebroid. In
this situation, we need to consider the space Dpoly of vertical differential operators along the
fibrationMF → L[1], and we have a Lie algebra object (L(D
1
poly), LQF , dH ; 〚 , 〛) in the category
Ch((C∞MF , QF)−mod) of (C
∞
MF
, QF)-complexes. See Section 6 for details.
Our second main result is as follows:
Theorem 1.3. [see Section 6, Theorem 6.4]
The natural inclusion map
β : (Γ(L/A)[−1]⊗C∞
M
Ω(A), d
L/A
CE )→ (L(D
1
poly(L/A))⊗C∞M Ω(A), d
L/A
CE + dH)
is an isomorphism in the homotopy category Π((C∞MF , QF)−mod) of (C
∞
MF
, QF)-modules. More-
over, we have the following commutative diagram in Π((C∞MF , QF)−mod):
⊗2C∞
MF
(Γ(F)[−1], LQF
)
(ι∗)⊗2
''❖❖
❖❖
❖❖
❖❖
❖❖
θ⊗2 //
αF

⊗2C∞
MF
(tot L(D1poly), LQF
+ dH)
I⊗2
))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
〚 , 〛

⊗2Ω(A)(Γ(L/A)[−1]⊗C∞M
Ω(A), d
L/A
CE
)
β⊗2 //
αL/A

⊗2Ω(A)(L(D
1
poly(L/A))⊗C∞M
Ω(A), d
L/A
CE
+ dH)
〚 , 〛

(Γ(F)[−1], LQF
)
ι∗
''PP
PP
PP
PP
PP
PP
θ // (tot L(D1poly), LQF + dH)
I
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
(Γ(L/A)[−1]⊗C∞
M
Ω(A), d
L/A
CE
)
β // (L(D1poly(L/A))⊗C∞M Ω(A), d
L/A
CE
+ dH) ,
where the maps ι∗ and I are a pair of natural isomorphisms in Π((C∞MF , QF)−mod).
The left face of this cubic diagram is a relation of the Lie pair Atiyah class αL/A and the
Atiyah class αF of the Fedosov dg Lie algebroid (F , LQF) discovered by Liao, Stie´non, and Xu
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[24]. Our contribution is the right face of this diagram, namely the relation between the two
Lie algebras (tot L(D1poly), LQF +dH ; 〚 , 〛) and (L(D
1
poly(L/A)), dH ; 〚 , 〛). We also remark that
Theorem 1.3 implies Theorem 1.2 (which was stated without proofs in [8]).
This paper is structured as follows. In Section 2, we recall the definition of graded manifolds
and the notions such as polyvector fields and polydifferential operators. In Section 3, we recall
the notions of dg manifolds, dg structures on polyvector fields and polydifferential operators, and
the HKR theorem. In Section 4, we study the Atiyah class of a dg manifold which is the main
subject in this paper. Section 5 is devoted to proving our first main result (Theorem 5.7). Section
6, which begins by recalling Atiyah classes of Lie pairs and Fedosov dg Lie algebroids associated
with Lie pairs, is devoted to proving our second main result (Theorem 6.4). In Section 7, we
compare Ramadoss’s work with our results. Section 8 is an appendix for technical formulas.
Terminology and notations.
Field K and the ring R. We use the symbol K to denote the field of either real or complex
numbers. The symbol R always denotes the algebra of smooth functions on a manifold M with
values in K.
Gradings. Unless specified otherwise, all vector spaces, algebras, modules, etc are understood
to be cohomologically Z-graded objects over the field K. Given a graded object V = ⊕i∈ZV
i, we
write V [k] to denote the graded object obtained by shifting the grading on V according to the
rule (V [k])i = V k+i. An element x ∈ V is called homogeneous, if it belongs to V i for some i.
Given a bigraded object Υ = ⊕(p,q)∈Z2Υ
p,q, an element x ∈ Υ is called homogeneous if it
belongs to Υp,q for some (p, q).
Tensor products and free algebras. Unless specified otherwise, we adopt the following conven-
tions. Given a graded commutative ring A and two graded A-modules V1 and V2, the notation
V1⊗A V2 denotes the tensor product of V1 and V2 as A-modules, and the notation a⊗Ab denotes
the tensor product of elements a ∈ V1 and b ∈ V2 over A. For any graded A-module V , the
symbol U(V ) (resp. S(V )) denotes the free associative algebra (resp. free symmetric algebra)
generated over A by V . The symbol ⊗A (resp. ⊙A) also denotes the associative product of U(V )
(resp. commutative product of S(V )).
The symbol Sˆ(V ) denotes the m-adic completion of the symmetric algebra S(V ), where m is
the ideal of S(V ) generated by V .
Shuffles. A (p, q)-shuffle is a permutation σ of the set {1, 2, · · · , p+ q} such that σ(1) < · · · <
σ(p) and σ(p+ 1) < · · · < σ(p+ q). The symbol Sh(p, q) denotes the set of (p, q)-shuffles.
Koszul sign. The Koszul sign κ(σ; D1, . . . , Dn) of a permutation σ and homogeneous elements
D1, . . . , Dn of a graded object V = ⊕i∈ZV
i is determined by the equality
D1⊙A · · ·⊙ADn = κ(σ; D1, . . . , Dn)Dσ(1)⊙A · · · ⊙ADσ(n)
in the commutative algebra S(V ). Unless specified otherwise, we will use the abbreviated notation
κ(σ).
Lie algebroids. In this paper ‘Lie algebroid’ always means ‘Lie K-algebroid’.
Acknowledgements. We would like to thank Ping Xu and Mathieu Stie´non for fruitful discus-
sions and useful comments. We gratefully acknowledge the critical review by the two anonymous
reviewers on the first version of the manuscript.
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2. Graded manifolds, polyvector fields and polydifferentials
We recall the notion of dg manifold. For more about this subject, see [27]. By a finite
dimensional graded manifold M, we mean a pair (M,OM), where M is a smooth manifold
and OM is a sheaf of graded commutative algebras over M locally of the form
OM(U) ≃ C
∞(U,K)⊗K Sˆ(W
∨) ,
for a finite dimensional graded vector space W over K.
We denote by C∞M the space of global sections of OM, by TM the tangent vector bundle over
M, and by X (M) : = Der(C∞M) the space of vector fields on M. The degree of a homogeneous
function f ∈ C∞M is denoted by f˜ . Similarly, the degree of a homogeneous vector field X ∈ X (M)
is denoted by X˜ .
2.1. C∞M-modules and complexes.
By a C∞M-module, we mean a graded (left) C
∞
M-module, say N. The degree of an element
ξ ∈ N is denoted by ξ˜. The tensor product of two C∞M-modules N andN
′ is denoted byN⊗C∞
M
N′.
By a morphism of C∞M-modules φ : N→ N
′, we mean a C∞M-linear and degree 0 map φ from N
to N′.
By a C∞M-complex (Υ, δ), we mean a sequence of C
∞
M-modules Υ = {Υ
p}p∈Z together with
a degree 0 operator δ : Υ• → Υ•+1 which satisfies δ2 = 0 and is C∞M-linear in the sense that
δ(fξ) = (−1)f˜fδ(ξ) , ∀ξ ∈ Υ• , f ∈ C∞M .
Let Υp,q be the degree q subspace of Υp. Thus, Υ is a bigraded object
Υ = {Υp}p∈Z = {⊕q∈ZΥ
p,q}p∈Z .
It is convenient to denote such a C∞M-complex (Υ , δ) by a diagram of the form:
⊕ ⊕
· · ·
δ
−→ Υp,q+1
δ
−→ Υp+1,q+1
δ
−→ · · ·
⊕ ⊕
· · ·
δ
−→ Υp,q
δ
−→ Υp+1,q
δ
−→ · · ·
⊕ ⊕ .
For x ∈ Υp,q, we will refer to p as the horizontal degree, q the vertical degree, (p, q)
the bi-degree, and p + q the total degree. The total degree is also denoted by |x| = p + q.
We will call δ the horizontal differential as it only raises the horizontal degrees. Note that
C∞M-multiplications to Υ affect the vertical degrees and preserve the horizontal degrees.
By a morphism of C∞M-complexes ϕ : (Υ1, δ1)→ (Υ2, δ2), we mean a degree (0, 0) morphism
of bigraded vector spaces ϕ : Υ•,•1 → Υ
•,•
2 such that the (p, q)-components ϕ
p,q : Υp,q1 → Υ
p,q
2
satisfy the following conditions:
(1) for each p ∈ Z, ϕp = ⊕q∈Z ϕ
p,q : Υp,•1 → Υ
p,•
2 is a C
∞
M-linear map;
(2) ϕ intertwines δ1 and δ2: δ2 ◦ ϕ
p,q = ϕp+1,q ◦ δ1.
We now describe the tensor product (Υ1⊗˜Υ2, δ˜) of two C
∞
M-complexes (Υ1, δ1) and (Υ2, δ2).
Here and in the sequel, the symbol ⊗˜ is reserved for such a tensor product. The n-th horizontal
term of Υ1⊗˜Υ2 is the C
∞
M-module
(Υ1⊗˜Υ2)
n = ⊕p+q=n(Υ
p
1[−p]⊗C∞M Υ
q
2[−q])[n] .
The C∞M-module structure of (Υ1⊗˜Υ2)
n is given by
f(x⊗˜y) : = fx⊗˜y = (−1)f˜ |x|x⊗˜fy , ∀f ∈ C∞M , x⊗˜y ∈ (Υ1⊗˜Υ2)
n .
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The bigrading on Υ1⊗˜Υ2 is clear — (Υ1⊗˜Υ2)
n,m consists of K-linear combinations of elements
of the form x⊗˜y, for x ∈ Υp,r1 and g ∈ Υ
q,s
2 such that p+q = n, r+s = m. Finally, the horizontal
differential δ˜ : (Υ1⊗˜Υ2)
n → (Υ1⊗˜Υ2)
n+1 is defined by:
δ˜(x⊗˜y) : = δ1(x)⊗˜y + (−1)
|x|x⊗˜δ2(y) .
There is also a symmetric product ⊙˜ of C∞M-complexes defined in a similar manner. The
operation ⊙˜ turns the category of C∞M-complexes into a symmetric monoidal category. For a
C∞M-complex (Υ, δ), we denote by
S•(Υ, δ) := ⊕p>0⊙˜
p
(Υ, δ)
the free symmetric algebra generated over C∞M by (Υ, δ).
The total space of a C∞M-complex (Υ, δ) is the direct sum
totΥ = ⊕p∈ZΥ
p[−p] .
With respect to the total degree, totΥ is a C∞M-module. Moreover, δ can be considered as a
degree (+1) C∞M-endomorphism on totΥ. In the sequel, for x ∈ Υ, the notation x denotes the
corresponding element in totΥ. In particular, if x ∈ Υp,q, we have x˜ = q and x ∈ Υp[−p]. We
also have
tot (Υ1⊗˜Υ2) = (totΥ1)⊗C∞
M
(totΥ2) ,
for any two C∞M-complexes (Υ1, δ1) and (Υ2, δ2).
2.2. The functor L( · ) and the PBW map.
Let V be a C∞M-module. Denote by V = (V , δ = 0) the C
∞
M-complex whose horizontal
differential is trivial, and V consists of a single copy of V concentrated in horizontal degree (+1).
In other words, V 1 = V and V n = 0 for n 6= 1. The tensor algebra of V is denoted by
T •V : = ⊕p>0V
⊗˜p ,
which is also a C∞M-complex with the trivial horizontal differential. Note that in T
•V , a homoge-
neous element D ∈ T iV has total degree |D| = D˜+ i. The space T •V is also a Lie algebra object
in the category of C∞M-complexes. The free Lie bracket (over C
∞
M) of any two homogeneous
elements D ∈ T iV and E ∈ T jV is defined by:
〚D,E〛 = D⊗˜E − (−1)|D||E|E⊗˜D ∈ T i+jV . (3)
We introduce a functor, denoted by L( · ) and called the shifted free Lie algebra functor,
from the category of C∞M-modules to the category of C
∞
M-complexes. For each C
∞
M-module V ,
define L(V ) to be the smallest Lie subalgebra of T •V containing V = T 1V . In other words,
the space L(V ) is spanned (over K) by elements of the form 〚D1, · · · , 〚Dn−1, Dn〛, · · · 〛 with
D1, · · · , Dn ∈ V . For each morphism φ : V → W of C
∞
M-modules, denote by φ : V → W the
corresponding morphism of C∞M-complexes, and define L(φ) : L(V ) → L(W ) to be the unique
Lie algebra morphism which extends φ.
We note that both totT •V and tot L(V ) are Lie algebra objects in the category of C∞M-
modules. The Lie bracket on totT •V (resp. tot L(V )) is also denoted by 〚 , 〛, i.e.,
〚D,E〛 = D ⊗C∞
M
E − (−1)|D||E|E ⊗C∞
M
D ,
for D, E ∈ totT •V (resp. D, E ∈ tot L(V )).
We have the standard Poincare´-Birkhoff-Witt map
pbw : S•(L(V ))→ T •V , (4)
pbw (D1⊙˜ · · · ⊙˜Dn) : =
1
n!
∑
σ∈Sn
κ(σ)Dσ(1)⊗˜ · · · ⊗˜Dσ(n)
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which is an isomorphism of C∞M-complexes (with trivial horizontal differentials). HereD1, · · · , Dn
∈ L(V ) are homogeneous elements, and κ(σ) is the Koszul sign determined by the equality
D1⊙˜ · · · ⊙˜Dn = κ(σ)Dσ(1)⊙˜ · · · ⊙˜Dσ(n) (5)
in S•(L(V )).
2.3. The Schouten-Nijenhuis algebra Tpoly of polyvector fields.
Let X (M) be the space of vector fields on the graded manifold M. We consider T 1poly : =
X (M). In other words, T 1poly is the C
∞
M-complex T
1
poly = (T
1
poly, δ = 0) which consists of a single
copy of X (M) concentrated in horizontal degree (+1). An element in T 1poly is just some vector
field X ∈ X (M). The only difference is that it has a double grading (1, X˜). If we treat X ∈ T 1poly,
then X˜ means the original degree of X as a vector field and |X | = 1+ X˜ means the total degree.
Meanwhile we denote by X the element in tot T 1poly = X (M)[−1] that corresponds to X .
The C∞M-complex of polyvector fields, denoted by Tpoly, is the symmetric algebra of T
1
poly:
Tpoly = (Tpoly, δ = 0) : = S
•(T 1poly, δ = 0) .
The symmetric product in Tpoly is denoted by ⊙˜. Elements of T
n
poly : = S
n(T 1poly) are called
n-polyvector fields on M. They are finite sums of elements of the form
X = X1⊙˜X2⊙˜ · · · ⊙˜Xn ,
where Xi ∈ T
1
poly are homogeneous elements. The horizontal degree of X is n, whereas the
vertical degree of X is X˜1 + · · ·+ X˜n, and the total degree of X is |X | = n+ X˜1 + · · ·+ X˜n.
The space Tpoly is a degree (−1) Poisson algebra as it admits a canonical Schouten-Nijenhuis
algebra structure. See [4] for more details.
2.4. The Hopf algebra Dpoly of polydifferential operators.
Let M be a graded manifold and let DM denotes its algebra of differential operators. The
tangent bundle TM is a Lie algebroid overM. Its universal enveloping algebra coincides with DM.
Similar to the relation between X (M) and T 1poly, we useD
1
poly to denote the bigraded object which
consists of a single copy of DM concentrated in horizontal degree (+1). If a differential operator
D ∈ DM is considered as in D
1
poly, then it has horizontal degree (+1), vertical degree D˜, and total
degree |D| = 1+ D˜. The notation D denotes the corresponding element in totD1poly = DM[−1].
Elements of the space Dnpoly : = ⊗˜
n
D1poly are called n-polydifferential operators. Denote
by Dn,mpoly ⊂ D
n
poly the subset consisting of polydifferential operators with horizontal degree n and
vertical degree m. In other words, Dn,mpoly is spanned (over K) by elements of the form
D = D1⊗˜ · · · ⊗˜Dn
where Di ∈ D
1
poly are homogeneous elements and D˜1+ · · ·+ D˜n = m. Note that the total degree
|D| equals n+m.
A n-polydifferential operator D ∈ Dnpoly can be identified with a map
D : ⊗nKC
∞
M → C
∞
M
such that for each position i and f1, · · · , fi−1, fi+1, · · · , fn ∈ C
∞
M, the map
C∞M → C
∞
M, f 7→ D(f1, · · · fi−1, f, fi+1, · · · , fn)
is a differential operator. Following the convention of degrees and signs of Tamarkin and Tsygan
[35], if D = D1⊗˜ · · · ⊗˜Dn ∈ D
n
poly, where Di ∈ D
1
poly are homogeneous, then D viewed as a map
⊗n
K
C∞M → C
∞
M is given by
D(f1, f2, · · · , fn) : = (−1)
⋆D1(f1) · · ·Dn(fn) ,
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where ⋆ =
∑n
i=1
∑n
j=i+1(f˜i + 1)|Dj|.
Remark 2.1. By convention, we identify D0poly with C
∞
M. However, a function f ∈ C
∞
M can also
be regarded an element in D1poly, i.e., the differential operator f
′ 7→ f · f ′, ∀f ′ ∈ C∞M. To avoid
ambiguity, instead of writing f ∈ D1poly, we use the notation f · idC∞M to denote the aforesaid
differential operator.
The space of polydifferential operators
Dpoly = ⊕n>0D
n
poly = ⊕n>0,m∈ZD
n,m
poly
admits the natural cup product
∪ : Dppoly⊗˜D
q
poly → D
p+q
poly , D ∪E : = D⊗˜E .
By conventions in [13, 35], D ∪ E in terms of a map from ⊗p+q
K
C∞M to C
∞
M reads
(D ∪ E)(f1, · · · fp+q) = (−1)
♭D(f1, · · · , fp)E(fp+1, · · · , fp+q) , (6)
for homogeneous elements f1, · · · , fp+q ∈ C
∞
M, where ♭ = |E|(f˜1 + · · · + f˜p + p). Note that
Dp,rpoly ∪ D
q,s
poly ⊂ D
p+q,r+s
poly .
The space D1poly has a coassociative coproduct:
∆ : D1poly → D
2
poly = D
1
poly⊗˜D
1
poly ,
∆(D)(f1, f2) : = (−1)
f˜1+1D(f1f2), ∀D ∈ D
1
poly, ∀f1, f2 ∈ C
∞
M .
(7)
Note that we have ∆(X) = X⊗˜idC∞
M
+(−1)X˜ idC∞
M
⊗˜X , for all homogeneous elements X ∈ T 1poly.
A general formula of ∆(D), for D ∈ D1poly, is given by Proposition 8.1 in Appendix.
The Hochschild differential dH : D
n
poly → D
n+1
poly is defined as follows:
dH(D1⊗˜ · · · ⊗˜Dn) = (−1)
∑n
i=1 |Di|((−1)1+
∑n
i=1 |Di|1⊗˜D1⊗˜ · · · ⊗˜Dn+
−
n∑
i=1
(−1)
∑i−1
j=1 |Dj |D1⊗˜ · · ·Di−1⊗˜∆(Di)⊗˜Di+1 · · ·Dn
+D1⊗˜ · · · ⊗˜Dn⊗˜1) ,
(8)
where Di ∈ D
1
poly are homogeneous elements. In particular, for a homogeneous element D ∈
D1poly, we have
dH(D) = (−1)
|D|(D⊗˜idC∞
M
−∆(D) − (−1)|D|idC∞
M
⊗˜D) . (9)
For f ∈ D0poly = C
∞
M, we have dH(f) = 0. For f · idC∞M ∈ D
1
poly (see Remark 2.1), we have
dH(f · idC∞
M
) = (−1)f˜f · (idC∞
M
⊗˜idC∞
M
).
It is standard that the pair (Dpoly, δ = dH) is a C
∞
M-complex, which we call the C
∞
M-complex
of polydifferential operators. The following lemma is needed.
Lemma 2.2. [13, 35] For all homogeneous elements D,E ∈ Dpoly, we have
dH(D ∪E) = dHD ∪ E + (−1)
|D|D ∪ dHE.
The Gerstenhaber product of two homogeneous elements D ∈ Dnpoly and E ∈ D
m
poly,
denoted by D ◦ E ∈ Dn+m−1poly , is the operator
(D ◦ E)(f1, · · · , fn+m−1) =
∑
j>0
(−1)⋆jD(f1, · · · , fj , E(fj+1, · · · , fj+m), · · · ) , (10)
10 JIAHAO CHENG, ZHUO CHEN, AND DADI NI
where ⋆j = (|E|+ 1)(f˜1 + · · ·+ f˜j + j). The Gerstenhaber bracket in Dpoly is defined by
[D, E] = D ◦ E − (−1)(|D|+1)(|E|+1)E ◦D ,
for homogeneous elements D ∈ Dnpoly and E ∈ D
m
poly. It satisfies the following well known
properties (see [35]):
[D,E] = −(−1)(|D|+1)(|E|+1)[E,D] ,
[
D, [E,F ]
]
=
[
[D,E], F
]
+ (−1)(|D|+1)(|E|+1)
[
E, [D,F ]
]
. (11)
Consider the multiplication m : (C∞M)
⊗2 → C∞M defined by
m(f1, f2) = (−1)
f˜1f1f2 , ∀f1, f2 ∈ C
∞
M .
(Our convention of m coincides with [35].) By Eqt. (6), the operator m is identically the element
−idC∞
M
⊗˜idC∞
M
∈ D2,0poly. The Hochschild differential dH can also be expressed in terms of m and
the Gerstenhaber bracket [ · , · ] (see [35]):
dH = [m, · ] : D
n,•
poly → D
n+1,•
poly . (12)
Finally, (Dpoly, dH) is a Hopf algebra object in the category of C
∞
M-complexes:
• The multiplication is the cup product ∪ (see Eqt. (6)).
• The comultiplication is the shuffle coproduct
∆˜ : Dpoly → Dpoly⊗˜Dpoly ,
∆˜(D1⊗˜ · · · ⊗˜Dn) =
∑
p+q=n,
σ∈Sh(p, q)
κ(σ)(Dσ(1)⊗˜ · · · ⊗˜Dσ(p))
⊗˜
(Dσ(p+1)⊗˜ · · · ⊗˜Dσ(p+q)) ,
where Di ∈ D
1
poly are homogeneous elements, Sh(p, q) stands for the set of (p, q)-shuffles,
and κ(σ) is the Koszul sign (see Eqt. (5)).
• The unit is the natural inclusion η : C∞M = D
0
poly →֒ Dpoly.
• The counit ε : Dpoly ։ D
0
poly = C
∞
M is the natural projection.
• The antipode is the map
t : Dpoly → Dpoly ,
t(D1⊗˜D2 · · · ⊗˜Dn) = (−1)
♮Dn⊗˜ · · ·D2⊗˜D1 ,
where ♮ =
∑n−1
i=0 |Dn−i|(|D1|+ · · ·+ |Dn−i−1|).
3. Dg manifolds
3.1. Dg manifolds and dg modules.
A dg manifold is a pair (M, Q) where M is a graded manifold and Q ∈ X (M) is a homo-
logical vector field, i.e. a degree (+1) vector field such that [Q,Q] = 2Q2 = 0. A dg vector
bundle is a vector bundle object in the category of dg manifolds. In other words, a dg vector
bundle over (M, Q) is a pair (E , LQ) where E is a vector bundle overM and LQ : Γ(E)→ Γ(E)
is a degree (+1) differential, i.e.,
L2Q = 0
and
LQ(fs) = Q(f)s+ (−1)
f˜fLQ(s),
for all homogeneous elements f ∈ C∞M and s ∈ Γ(E).
In this note, we abuse the notation LQ to denote differentials of all dg vector bundles, unless
the differential is otherwise specified. For example, the tangent space TM of (M, Q) is a dg
vector bundle, whose differential LQ equals [Q, · ].
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Definition 3.1. A dg module over (M, Q), or a (C∞M, Q)-module, is a pair (N, LQ) where
N is a C∞M-module and LQ : N→ N is a degree (+1) differential, i.e.,
L2Q = 0
and
LQ(fξ) = Q(f)ξ + (−1)
f˜fLQ(ξ)
for all homogeneous elements f ∈ C∞M and ξ ∈ N.
Again, the notation LQ is abused to denote differentials of all (C
∞
M, Q)-modules, unless stated
otherwise. For a dg vector bundle (E , LQ) over (M, Q), the pair (Γ(E), LQ) is a (C
∞
M, Q)-
module. In particular, (X (M), LQ = [Q, · ]) is a (C
∞
M, Q)-module.
A morphism of (C∞M, Q)-modules from (N, LQ) to (N
′, LQ) is a C
∞
M-linear and degree 0 map
φ : N → N′ that satisfies φ ◦ LQ = LQ ◦ φ. A morphism φ : (N, LQ) → (N
′, LQ) is called a
quasi-isomorphism if the morphism of cohomology groups H(φ) : H(N, LQ) → H(N
′, LQ)
induced by φ is an isomorphism.
Fix a dg manifold (M, Q). The category of (C∞M, Q)-modules is denoted by (C
∞
M, Q)−mod.
The homology category H((C∞M, Q)−mod) is the category whose objects are (C
∞
M, Q)-modules,
and whose morphisms are morphisms of (C∞M, Q)-modules modulo cochain homotopies (see
[12, 16]). The homotopy category Π((C∞M, Q)−mod) is the Gabriel-Zisman localization of
(C∞M, Q)−mod by the set of quasi-isomorphisms in (C
∞
M, Q)−mod (see [12]). We have a se-
quence of natural functors between these categories:
(C∞M, Q)−mod −→ H((C
∞
M, Q)−mod) −→ Π((C
∞
M, Q)−mod).
3.2. Dg complexes.
Definition 3.2. A dg complex over (M, Q), or a (C∞M, Q)-complex, is a C
∞
M-complex (Υ, δ)
such that each Υp (p ∈ Z) is endowed with a (C∞M, Q)-module structure:
LQ : Υ
p,• → Υp,•+1
which anti-commutes with δ, i.e.,
δ ◦ LQ + LQ ◦ δ = 0. (13)
So, a (C∞M, Q)-complex is indeed a triple (Υ, LQ, δ). It is convenient to denote such a
(C∞M, Q)-complex by an anti-commutative diagram:
↑ ↑
· · ·
δ
−→ Υp,q+1
δ
−→ Υp+1,q+1
δ
−→ · · ·
LQ
x LQ
x
· · ·
δ
−→ Υp,q
δ
−→ Υp+1,q
δ
−→ · · ·
↑ ↑ .
We call δ the horizontal differential and LQ the vertical differential. With respect to the
total grading (totΥ)n = ⊕p+q=nΥ
p,q, (tot Υ, LtotQ : = LQ + δ) is a (C
∞
M, Q)-module, by the
compatibility condition Eqt. (13).
A morphism of (C∞M, Q)-complexes ϕ : (Υ1, LQ, δ1) → (Υ2, LQ, δ2) is a degree (0, 0) mor-
phism of bigraded vector spaces ϕ : Υ•,•1 → Υ
•,•
2 such that the (p, q)-components ϕ
p,q : Υp,q1 →
Υp,q2 satisfy the following conditions:
(1) for each p ∈ Z, ϕp = ⊕q∈Z ϕ
p,q : Υp,•1 → Υ
p,•
2 is a morphisms of (C
∞
M, Q)-modules, i.e.,
ϕp is C∞M-linear and satisfies LQ ◦ ϕ
p = ϕp ◦ LQ;
(2) ϕ intertwines δ1 and δ2:
δ2 ◦ ϕ
p,q = ϕp+1,q ◦ δ1.
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Denote the category of (C∞M, Q)-complexes by Ch((C
∞
M, Q)−mod). Given a morphism
ϕ : (Υ1, LQ, δ1) → (Υ2, LQ, δ2) of (C
∞
M, Q)-complexes as above, it is clear that totϕ : =
⊕p,q∈Z ϕ
p,q : (totΥ1, LQ+ δ1)→ (totΥ2, LQ+ δ2) is a morphism of (C
∞
M, Q)-modules. Accord-
ingly, tot is a functor from the category Ch((C∞M, Q)−mod) to the category (C
∞
M, Q)−mod.
Definition 3.3. A quasi-isomorphism ϕ : (Υ1, LQ, δ1)→ (Υ2, LQ, δ2) of (C
∞
M, Q)-complexes
is a morphism in Ch((C∞M, Q)−mod) that induces a quasi-isomorphism totϕ : (tot Υ1, LQ +
δ1) → (totΥ2, LQ + δ2) of (C
∞
M, Q)-modules. The derived category D((C
∞
M, Q)−mod) of
(C∞M, Q)-complexes is the Gabriel-Zisman localization of Ch((C
∞
M, Q)−mod) by the set of quasi-
isomorphisms in Ch((C∞M, Q)−mod).
The functor tot : Ch((C∞M, Q)−mod) −→ (C
∞
M, Q)−mod induces a functor
tot : D((C∞M, Q)−mod) −→ Π((C
∞
M, Q)−mod) .
We now explain the tensor product (Υ1⊗˜Υ2, LQ, δ˜) of two (C
∞
M, Q)-complexes (Υ1, LQ, δ1)
and (Υ2, LQ, δ2) — The C
∞
M-complex (Υ1⊗˜Υ2, δ˜) is already defined in Section 2.1; The vertical
differential LQ is defined by the equation analogous to that of δ˜:
LQ(x⊗˜y) : = LQ(x)⊗˜y + (−1)
|x|x⊗˜LQ(y),
for all homogeneous x ∈ Υ1 and y ∈ Υ2. It is straightforward to verify that (Υ1⊗˜Υ2, LQ, δ˜) is a
(C∞M, Q)-complex.
There is also a symmetric product ⊙˜ on Ch((C∞M, Q)−mod) defined in a similar manner,
which upgrades the symmetric product of C∞M-complexes defined in Section 2.1. It turns out
that (Ch((C∞M, Q)−mod), ⊙˜) is a symmetric monoidal tensor category. For a (C
∞
M, Q)-complex
(Υ, LQ, δ), we denote by
S•(Υ, LQ, δ) := ⊕p>0⊙˜
p
(Υ, LQ, δ)
the free symmetric algebra object generated over C∞M by (Υ, LQ, δ) in Ch((C
∞
M, Q)−mod).
The following diagram of categories with natural functors as arrows summarizes the relations
between all the categories that we have introduced.
(C∞M, Q)−mod H((C
∞
M, Q)−mod) Π((C
∞
M, Q)−mod)
Ch((C∞M, Q)−mod) D((C
∞
M, Q)−mod)
// //
//
tot
OO
tot
OO
3.3. Dg complex structures on Dpoly and Tpoly, and the HKR theorem.
In the previous Section 2, we have introduced the C∞M-complexes (Tpoly, δ = 0) and (Dpoly, δ =
dH) arising from a graded manifoldM. Now suppose thatM is equipped with a homological vec-
tor field Q so that (M, Q) is a dg manifold. The C∞M-complex (Tpoly, δ = 0) is naturally upgraded
to a (C∞M, Q)-complex (Tpoly, LQ : = [Q, · ], δ = 0). We call (Tpoly, LQ, 0) the (C
∞
M, Q)-complex
of polyvector fields. Moreover, we have
Proposition 3.4. The triple (Dpoly, LQ : = [Q, · ], δ = dH) is a (C
∞
M, Q)-complex, where [ · , · ]
is the Gerstenhaber bracket.
Proof. By the definition of dH in Eqt. (8), it satisfies d
2
H = 0 and is C
∞
M-linear. To verify that
dH and LQ are anti-commutative, we observe that the following equality holds:
dH ◦ LQ + LQ ◦ dH =
[
m, [Q, · ]
]
+
[
Q, [m, · ]
]
=
[
[m, Q], ·
]
= 0 .
Here we have used Eqts. (11) and (12), and the obvious fact:
[m, Q] = −[idC∞
M
⊗˜idC∞
M
, Q] = 0 .
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
We call (Dpoly, LQ, dH) the (C
∞
M, Q)-complex of polydifferential operators. It is a Hopf alge-
bra object in the category Ch((C∞M, Q)−mod) of (C
∞
M, Q)-complexes. The multiplication ∪, the
comultiplication ∆˜, the unit η, the counit ε, and the antipole t are the same as those of the Hopf
algebra object (Dpoly, dH) in the category of C
∞
M-complexes (see the end of Section 2.4). Taking
the tot functor to (Dpoly, LQ, dH), we obtain a Hopf algebra object (totDpoly, L
tot
Q = LQ + dH)
in the category (C∞M, Q)−mod of (C
∞
M, Q)-modules, with the same structure maps as those of
(Dpoly, dH) and (Dpoly, LQ, dH).
The Hochschild-Kostant-Rosenberg map
hkr : (Tpoly, LQ, 0)→ (Dpoly, LQ, dH)
is a morphism of (C∞M, Q)-complexes defined by
hkr (X1⊙˜ · · · ⊙˜Xn) : =
1
n!
∑
σ∈Sn
κ(σ)Xσ(1)⊗˜ · · · ⊗˜Xσ(n),
where the vector fields Xi ∈ T
1
poly are homogeneous elements and κ(σ) is the Koszul sign (see
Eqt. (5)). The following Hochschild-Kostant-Rosenberg type theorem is due to Liao, Stie´non,
and Xu (see [23, Proposition 4.1]).
Theorem 3.5. The map hkr is a quasi-isomorphism of (C∞M, Q)-complexes from (Tpoly, LQ, 0)
to (Dpoly, LQ, dH).
3.4. The universal enveloping algebra of (L(D1poly), LQ, dH).
It is a well known fact in Lie theory that the universal enveloping algebra of the free Lie
algebra generated by a vector space V is the free associative algebra generated by V . Given a dg
manifold (M, Q), in this part we describe a similar result for the categories Ch((C∞M, Q)−mod)
and D((C∞M, Q)−mod). We are mainly inspired by Ramadoss’s work [30].
Definition 3.6.
If it exists, the universal enveloping algebra of a Lie algebra object G in Ch((C∞M, Q)−mod)
(resp. D((C∞M, Q)−mod)) is an associative algebra object U(G) in Ch((C
∞
M, Q)−mod) (resp.
D((C∞M, Q)−mod)) together with a morphism of Lie algebra objects i : G → U(G) satisfying
the following universal property: given any associative algebra object K and any morphism of Lie
algebra objects ϕ : G → K in Ch((C∞M, Q)−mod) (resp. D((C
∞
M, Q)−mod)), there exists a
unique morphism of associative algebra objects ϕ′ : U(G) → K in Ch((C∞M, Q)−mod) (resp.
D((C∞M, Q)−mod)) such that ϕ = ϕ
′ ◦ i.
It can be easily verified that, if it exists, U(G) is unique up to isomorphism in Ch((C∞M, Q)
−mod) (resp. D((C∞M, Q)−mod)).
The shifted free Lie algebra functor L( · ) from the category of C∞M-modules to the cate-
gory of C∞M-complexes (see Section 2.2) can be naturally upgraded to a functor from the cat-
egory (C∞M, Q)−mod of (C
∞
M, Q)-modules to the category Ch((C
∞
M, Q)−mod) of (C
∞
M, Q)-
complexes. Applying this functor to a (C∞M, Q)-module (V, LQ), we obtain the object L(V , LQ)
:= (L(V ), LQ, 0) which is a (C
∞
M, Q)-complex with trivial horizontal differential. Here the ver-
tical differential LQ : L(V ) → L(V ) is obtained by extending the original LQ : V → V in a
unique manner such that
LQ(〚D, E〛) = 〚LQD, E〛+ (−1)
|D|〚D, LQE〛 ,
for homogeneous D, E ∈ L(V ). The pair (L(V , LQ); 〚 , 〛) is a Lie algebra object in Ch((C
∞
M, Q)
−mod). Similarly, we obtain the tensor algebra (T •V , LQ, 0) which is an associative algebra
object in Ch((C∞M, Q)−mod). Moreover, the universal enveloping algebra U(L(V , LQ)) of the
Lie algebra object (L(V , LQ); 〚 , 〛) ∈ Ch((C
∞
M, Q)−mod) can be identified with (T
•V , LQ, 0).
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Note that both (L(V ), LQ, 0) and (T
•V , LQ, 0) have trivial horizontal differentials. We then
consider the general situation that the horizontal differentials in L(V ) and T •V are non-trivial.
Theorem 3.7. Suppose that (T •V , LQ, δ) is a (C
∞
M, Q)-complex. If the horizontal differential
δ satisfies the following conditions:
(1) δ(D⊗˜E) = δ(D)⊗˜E + (−1)|D|D⊗˜δ(E), ∀D,E ∈ T •V ;
(2) δ(V ) ⊂ L(V ) ∩ T 2V ,
then
(1) The horizontal differential δ in T •V also preserves L(V ), and thus (L(V ), LQ, δ) is a
(C∞M, Q)-subcomplex of (T
•V , LQ, δ); Moreover, (L(V ), LQ, δ; 〚 , 〛) is a Lie algebra
object in Ch((C∞M, Q)−mod);
(2) The universal enveloping algebra of (L(V ), LQ, δ; 〚 , 〛) is (T
•V , LQ, δ) in the category
Ch((C∞M, Q)−mod);
(3) The universal enveloping algebra of (L(V ), LQ, δ; 〚 , 〛) is (T
•V , LQ, δ) in the derived
category D((C∞M, Q)−mod).
The preceding theorem is analogous to a result of Ramadoss [30]. Its proof is a straightforward
adaptation of Ramadoss’s argument and is thus omitted.
Now we apply Theorem 3.7 to the special case (V, LQ) = (DM, LQ) where (M, Q) is the
given dg manifold. In this situation, we have V = D1poly, T
•(V ) = Dpoly, and (L(V ), LQ, 0) =
(L(D1poly), LQ, 0). Here (L(D
1
poly), LQ, 0) is the free Lie algebra object generated over C
∞
M by
D1poly in the category Ch((C
∞
M, Q)−mod).
Recall that we have the Hochschild differential dH = [m , · ] : D
•
poly → D
•+1
poly. We need the
following fact:
Lemma 3.8. We have dH(D
1
poly) ⊂ L(D
1
poly) ∩ D
2
poly.
Proof. For a homogeneous element D ∈ D1poly, by Eqt. (9) we have
dH(D) = (−1)
|D|(D⊗˜idC∞
M
−∆(D)− (−1)|D|idC∞
M
⊗˜D)
= (−1)|D|(〚D, idC∞
M
〛−∆(D)) .
The term 〚D, idC∞
M
〛 belongs to L(D1poly). By Proposition 8.1 in Appendix, we also see that the
term ∆(D) belongs to L(D1poly). Thus the lemma is proved. 
By Theorem 3.7 and the above lemma, we have
Corollary 3.9.
(1) The quadruple (L(D1poly), LQ, δ = dH ; 〚 , 〛) is a Lie algebra object in Ch((C
∞
M, Q)−mod).
(2) The universal enveloping algebra of (L(D1poly), LQ, dH ; 〚 , 〛) is (Dpoly, LQ, dH) in the
category Ch((C∞M, Q)−mod).
(3) The universal enveloping algebra of (L(D1poly), LQ, dH ; 〚 , 〛) is (Dpoly, LQ, dH) in the
derived category D((C∞M, Q)−mod).
Consider the Poincare´-Birkhoff-Witt map pbw : S•(L(D1poly)) → U(L(D
1
poly)) = Dpoly. By
definition (see Eqt. (4)), the map pbw commutes with LQ and dH . Thus it is an isomorphism
of (C∞M, Q)-complexes:
pbw : S•(L(D1poly), LQ, dH)→ U((L(D
1
poly), LQ, dH)) = (Dpoly, LQ, dH).
Denote by
θ : (T 1poly, LQ, 0)→ (L(D
1
poly), LQ, dH)
the natural inclusion map.
Proposition 3.10. The map θ is a quasi-isomorphism in Ch((C∞M, Q)−mod).
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Proof. Recall that we have the HKR quasi-isomorphism hkr : (Tpoly, LQ, 0)→ (Dpoly, LQ, dH)
(see Theorem 3.5). We can decompose it as
hkr = pbw ◦ S•(θ),
where S•(θ) is the symmetrization of θ in the symmetric monoidal category (Ch((C∞M, Q)−mod),
⊙˜):
S•(θ) : (Tpoly, LQ, 0) = S
•(T 1poly, LQ, 0)→ S
•(L(D1poly), LQ, dH).
As the map pbw is an isomorphism and the map hkr is a quasi-isomorphism of (C∞M, Q)-
complexes, the map S•(θ) is a quasi-isomorphism in Ch((C∞M, Q)−mod) as well. In particular,
θ, the first component of S•(θ), is a quasi-isomorphism of (C∞M, Q)-complexes. 
The following theorem is an analogue of [30, Theorem 1]. The proof is essentially the same
and thus omitted.
Theorem 3.11. The following diagram commutes in the category Ch((C∞M, Q)−mod):
S•(L(D1poly), LQ, dH)⊗˜(L(D
1
poly), LQ, dH)
µ◦ ω
1−e−ω//
pbw⊗id

S•(L(D1poly), LQ, dH)
pbw

(Dpoly, LQ, dH)⊗˜(L(D
1
poly), LQ, dH)
∪ // (Dpoly, LQ, dH) .
Here µ denotes the natural symmetric product of S•(L(D1poly), LQ, dH) and the map
ω : S•(L(D1poly), LQ, dH)⊗˜(L(D
1
poly), LQ, dH)→ S
•(L(D1poly), LQ, dH)⊗˜(L(D
1
poly), LQ, dH)
is defined by
ω((G1⊙˜ · · · ⊙˜Gn)⊗˜G) : =
n∑
i=1
(−1)(|Gi+1|+···+|Gn|)|Gi|(G1⊙˜ · · · Gˆi · · · ⊙˜Gn)⊗˜〚Gi, G〛 ,
for homogeneous elements Gi, G ∈ L(D
1
poly).
4. Atiyah classes of dg manifolds
4.1. The jet sequence.
Given a graded manifold M, consider the space D61M of order 6 1 differential operators on
M. Namely, D61M consists of those operators on the algebra C
∞
M that are the sum of a derivation
and the multiplication by an element of C∞M. Indeed, D
61
M can be identified to X (M) ⊕ C
∞
M in
a canonical way. Moreover, D61M is a C
∞
M-bimodule whose bimodule structure is as follows:
f · (X + g) = fX + fg ,
(X + g) · f = X(f · ) + gf = (−1)f˜X˜fX + (X(f) + gf) ,
where X + g ∈ D61M = X (M)⊕ C
∞
M and f ∈ C
∞
M.
Let N be a C∞M-module. Since D
61
M is a C
∞
M-bimodule, we can form the space D
61
M ⊗
C∞
M
N
which is a (left) C∞M-module. So we get an exact sequence of C
∞
M-modules:
0→ N
i
−→ D61M ⊗
C∞
M
N
j
−→ X (M)⊗C∞
M
N→ 0 . (14)
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Here the maps i and j are defined by:
i(ξ) = 1 ⊗
C∞
M
ξ ,
j(X ⊗
C∞
M
ξ) = X ⊗C∞
M
ξ ,
j(f ⊗
C∞
M
ξ) = 0 ,
for all ξ ∈ N , X ∈ X (M), and f ∈ C∞M. We call Eqt. (14) the (first-)jet sequence associated
with the C∞M-module N.
Now suppose that (M, Q) is a dg manifold and (N, LQ) is a (C
∞
M, Q)-module. Then the
space D61M ⊗
C∞
M
N can be endowed with a (C∞M, Q)-module structure by setting
LQ(D ⊗
C∞
M
ξ) : = [Q, D] ⊗
C∞
M
ξ + (−1)D˜D ⊗
C∞
M
LQ(ξ) ,
where D ∈ D61M and ξ ∈ N are homogeneous elements. Moreover, the jet sequence (14) becomes
an exact sequence in the category (C∞M, Q)−mod of (C
∞
M, Q)-modules.
4.2. Smooth connections and Atiyah classes of dg modules.
Definition 4.1. A smooth connection ∇ on a C∞M-module N is a degree 0 map
∇ : X (M)⊗K N→ N ,
(X, ξ) 7→ ∇Xξ
satisfying
∇fXξ = f∇Xξ ,
∇X(fξ) = X(f)ξ + (−1)
f˜ X˜f∇Xξ ,
for all homogeneous elements f ∈ C∞M, X ∈ X (M), and ξ ∈ N.
Lemma 4.2. The set of smooth connections on N is in one-to-one correspondence with the set
of C∞M-linear splittings of the jet sequence (14).
Proof. Given a smooth connection ∇ : X (M)⊗K N→ N defined as earlier by Definition 4.1, we
construct a map
s : X (M)⊗C∞
M
N→ D61M ⊗
C∞
M
N = (X (M) ⊗
C∞
M
N)⊕N
by setting
X ⊗C∞
M
ξ 7→ X ⊗
C∞
M
ξ −∇Xξ . (15)
It is easy to verify that s is C∞M-bilinear and thus it is well defined. Clearly, s is a splitting of
the jet sequence (14).
Conversely, given a splitting s : X (M) ⊗C∞
M
N → D61M ⊗
C∞
M
N of the jet sequence (14), one
can define a smooth connection ∇ such that the following equality holds for all X ∈ X (M) and
ξ ∈ N:
s(X ⊗C∞
M
ξ) = X ⊗
C∞
M
ξ −∇Xξ .

Now suppose that ∇ is a smooth connection on the C∞M-module N. If N is endowed with a
differential LQ so that (N, LQ) is a (C
∞
M, Q)-module, then one can define a map
α∇N : X (M)⊗K N→ N ,
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by setting
α∇N(X, ξ) : = [LQ,∇](X, ξ) = LQ(∇Xξ)−∇[Q,X]ξ − (−1)
X˜∇XLQ(ξ) ,
for homogeneous elements X ∈ X (M) and ξ ∈ N. It is easy to verify that α∇N is a degree (+1) and
C∞M-bilinear map. Moreover, it is a degree 0 cocycle in the cochain complex (Hom
•
C∞
M
(X (M)⊗C∞
M
N,N[1]), LQ), i.e., LQ(α
∇
N) = 0, or
α∇N ∈ Hom(C∞M, Q)−mod((X (M), LQ)⊗C
∞
M
(N, LQ), (N[1], LQ)) .
Instead, we will take the following convention in this paper:
α∇N ∈ Hom(C∞M, Q)−mod((X (M)[−1], LQ)⊗C
∞
M
(N, LQ), (N, LQ)) .
Note that a sign correction is necessary:
α∇N(X, ξ) = (−1)
X˜(LQ(∇Xξ)−∇[Q,X]ξ − (−1)
X˜∇XLQ(ξ)) . (16)
Here the homogeneous element X ∈ X (M)[−1] corresponds to the homogeneous element X ∈
X (M).
Definition 4.3. We call α∇N defined in Eqt. (16) the Atiyah cocycle of the (C
∞
M, Q)-module
(N, LQ) with respect to the smooth connection ∇. We call
αN : = [α
∇
N] ∈ H
0(Hom•C∞
M
(X (M)[−1]⊗C∞
M
N,N), LQ)
= HomH((C∞
M
, Q)−mod)((X (M)[−1], LQ)⊗C∞M (N, LQ), (N, LQ))
the Atiyah class of the (C∞M, Q)-module (N, LQ).
Here the Atiyah class αN is regarded as a morphism
αN : (X (M)[−1], LQ)⊗C∞
M
(N, LQ)→ (N, LQ)
in the homology category H((C∞M, Q)−mod). By the natural functor H((C
∞
M, Q)−mod) →
Π((C∞M, Q)−mod), the above αN can also be treated as a morphism in the homotopy category
Π((C∞M, Q)−mod).
Remark 4.4. In general, the existence of a smooth connection on the C∞M-module N is not
guaranteed. So one can not use the definition of Atiyah class as above. Instead, we define the
Atiyah class αN of the (C
∞
M, Q)-module (N, LQ) to be the element
αN ∈ Ext
1
(C∞
M
, Q)−mod((X (M), LQ)⊗C∞M (N, LQ), (N, LQ))
corresponding to the jet sequence (14) in the category of (C∞M, Q)-modules. We have the standard
isomorphism:
Ext1(C∞
M
, Q)−mod((X (M), LQ)⊗C∞M (N, LQ), (N, LQ))
≃ HomΠ((C∞
M
, Q)−mod)((X (M)[−1], LQ)⊗C∞M (N, LQ), (N, LQ)) .
Thus αN can be considered as a morphism from (X (M)[−1], LQ)⊗C∞
M
(N, LQ) to (N, LQ) in the
homotopy category Π((C∞M, Q)−mod), and it is represented by the following roof in the category
(C∞M, Q)−mod:
(X (M)[−1], LQ)⊗C∞
M
(N, LQ) (N, LQ) .
(Cone(i), LQ)
q
zztt
tt
tt
tt
tt
tt
tt
t
p
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
αN //❴❴❴❴❴❴❴❴
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Here the (C∞M, Q)-module
(Cone(i), LQ) : = ((D
61
M [−1] ⊗
C∞
M
N)⊕N, LQ)
is indeed the mapping cone of i with the natural induced differential LQ. The left roof q = j ◦ pr1
is a quasi-isomorphism in (C∞M, Q)−mod and the right roof p = pr2, where pr1 are pr2 are
projections to respectively the first and second components of Cone(i).
The following lemma is easily verified, and is left to the reader.
Proposition 4.5. Suppose that the jet sequence (14) splits in the category of C∞M-modules. The
following statements are equivalent.
(1) The jet sequence (14) splits in the category (C∞M, Q)−mod of (C
∞
M, Q)-modules.
(2) There exists a smooth connection ∇ on N which is compatible with the (C∞M, Q)-module
structures of (X (M), LQ) and (N, LQ), i.e., the equality LQ∇ = ∇LQ holds.
(3) The Atiyah class αN vanishes.
Proposition 4.6. Let ∇1 and ∇2 be, respectively, smooth connections on C∞M-modules N1 and
N2. Then
∇X(ξ1 ⊗C∞
M
ξ2) : = (∇
1
Xξ1)⊗C∞M ξ2 + (−1)
X˜ξ˜1ξ1 ⊗C∞
M
∇2Xξ2 , ∀ξ1 ∈ N1, ξ2 ∈ N2 ,
defines a smooth connection ∇ on N1⊗C∞
M
N2. Moreover, if (N1, LQ) and (N2, LQ) are (C
∞
M, Q)-
modules, then the Atiyah cocycle
α∇N1⊗C∞
M
N2
: X (M)[−1]⊗C∞
M
(N1 ⊗C∞
M
N2)→ N1 ⊗C∞
M
N2
is given by
α∇N1⊗C∞
M
N2
(X, ξ1 ⊗C∞
M
ξ2) = α
∇1
N1
(X, ξ1)⊗C∞
M
ξ2 + (−1)
(X˜+1)ξ˜1ξ1 ⊗C∞
M
α∇
2
N2
(X, ξ2) ,
for all homogeneous elements X ∈ X (M), ξ1 ∈ N1, and ξ2 ∈ N2.
Proof. It is easy to check that ∇ is a smooth connection on N1⊗C∞
M
N2. By Eqt. (16), we have:
α∇N1⊗C∞
M
N2
(X, ξ1 ⊗C∞
M
ξ2) = (−1)
X˜(LQ(∇X(ξ1 ⊗C∞
M
ξ2))−∇[Q,X](ξ1 ⊗C∞M ξ2)
− (−1)X˜∇XLQ(ξ1 ⊗C∞
M
ξ2))
= (−1)X˜(LQ(∇
1
Xξ1)−∇
1
[Q,X]ξ1 − (−1)
X˜∇1XLQξ1)⊗C∞M ξ2
+ (−1)(X˜+1)ξ˜1+X˜ξ1 ⊗C∞
M
(LQ(∇
2
Xξ2)−∇
2
[Q,X]ξ2 − (−1)
X˜∇2XLQξ2)
= α∇
1
N1
(X, ξ1)⊗C∞
M
ξ2 + (−1)
(X˜+1)ξ˜1ξ1 ⊗C∞
M
α∇
2
N2
(X, ξ2) .

We also have the following functorial property of Atiyah classes.
Proposition 4.7. If both (N1, LQ) and (N2, LQ) admit smooth connections and ϕ : (N1, LQ)→
(N2, LQ) is a morphism of (C
∞
M, Q)-modules, then the following diagram
(X (M)[−1], LQ)⊗C∞
M
(N1, LQ)
id⊗ϕ //
αN1

(X (M)[−1], LQ)⊗C∞
M
(N2, LQ)
αN2

(N1, LQ)
ϕ // (N2, LQ)
commutes in the homology category H((C∞M, Q)−mod).
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Proof. Let ∇1 and ∇2 be smooth connections on (N1, LQ) and (N2, LQ) respectively. We only
need to show that the following diagram
(X (M)[−1], LQ)⊗C∞
M
(N1, LQ)
id⊗ϕ //
α
∇1
N1

(X (M)[−1], LQ)⊗C∞
M
(N2, LQ)
α
∇2
N2

(N1, LQ)
ϕ // (N2, LQ)
commutes up to a cochain homotopy between (C∞M, Q)-modules in the category (C
∞
M, Q)−mod.
In fact, we have the equality
ϕ ◦ α∇1
N1
− α∇2
N2
◦ (idX (M)[−1] ⊗ ϕ) = LQ(ϕ ◦ ∇1 −∇2 ◦ (idX (M)[−1] ⊗ ϕ)) ,
which can be verified directly. 
4.3. Atiyah classes of dg complexes.
Now we consider a (C∞M, Q)-complex (Υ, LQ, δ). Recall that the corresponding total space
(totΥ, LtotQ ) is a (C
∞
M, Q)-module, where L
tot
Q equals LQ + δ.
Definition 4.8. Let (Υ, LQ, δ) be a (C
∞
M, Q)-complex such that (totΥ, L
tot
Q ) admits a smooth
connection. We define the Atiyah class αΥ of (Υ, LQ, δ) to be the Atiyah class of the (C
∞
M, Q)-
module (totΥ, LtotQ ), i.e.,
αΥ : = αtot Υ ∈ H
0(Hom•C∞
M
(X (M)[−1]⊗C∞
M
totΥ, totΥ), LtotQ )
≃ HomH((C∞
M
, Q)−mod)((X (M)[−1], LQ)⊗C∞M (totΥ, L
tot
Q ), (totΥ, L
tot
Q )) .
Remark 4.9. Suppose that each component Υn,• of (Υ, LQ, δ) admits a smooth connection ∇n,
then ∇tot = ⊕n∇n defines a smooth connection on totΥ. In this case, we have
α∇
tot
totΥ = [L
tot
Q ,∇
tot ] = [LQ + δ,∇
tot ]
= (LQ ◦ ∇
tot −∇tot ◦ LQ) + (δ ◦ ∇
tot −∇tot ◦ (id⊗ δ))
=
∑
n
α∇nΥn,• +
∑
n
(δ ◦ ∇n −∇n+1 ◦ (id⊗ δ)).
We observe that the first part
∑
n
α∇nΥn,• sends the component (T
1
poly⊗˜Υ)
p,q to Υp−1,q+1, while the
second part
∑
n
(δ ◦ ∇n − ∇n+1 ◦ (id ⊗ δ)) sends the component (T
1
poly⊗˜Υ)
p,q to Υp,q. For this
reason, we can NOT regard the Atiyah cocycle α∇
tot
tot Υ as a morphism of (C
∞
M, Q)-complexes from
T 1poly⊗˜(Υ, LQ, δ) to (Υ, LQ, δ).
5. Lie structures
5.1. The Atiyah class as a Lie bracket on X (M)[−1].
Let (M, Q) be a dg manifold. By results of Mehta, Stie´non, and Xu [27], the K-vector
space X (M)[−1] admits an L∞-algebra structure. In fact, one can choose a torsion free smooth
connection ∇ on X (M) to construct a sequence of degree (+1) operations:
R1 = LQ : X (M)[−1]→ X (M)[−1] ,
R2 = α
∇
X (M)[−1] : S
2(X (M)[−1])→ X (M)[−1] ,
· · ·
Rk : S
k(X (M)[−1])→ X (M)[−1] , · · · .
Then the operations {Rk}k>1 turn XM[−1] into an L∞-algebra. One can find the details of this
construction in [27].
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We denote by αM the Atiyah class of the (C
∞
M, Q)-module (X (M)[−1], LQ), and treat it as
a morphism
αM : (X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)→ (X (M)[−1], LQ)
in the homology category H((C∞M, Q)−mod). As X (M)[−1] is an L∞-algebra whose binary
bracket is the Atiyah cocycle α∇X (M)[−1], we have
Theorem 5.1. The Atiyah class αM defines a Lie bracket on (X (M)[−1], LQ) in the homology
category H((C∞M, Q)−mod).
Therefore, αM also defines a Lie bracket on (X (M)[−1], LQ) in the homotopy category
Π((C∞M, Q)−mod). The following fact is analogous to that of Kapranov [15], Chen-Stie´non-
Xu [9] and Chen-Liu-Xiang [10].
Theorem 5.2. Let (N, LQ) be a (C
∞
M, Q)-module. The Atiyah class
αN : (X (M)[−1], LQ)⊗C∞
M
(N, LQ)→ (N, LQ)
turns (N, LQ) into a Lie algebra module object over the aforesaid Lie algebra object (X (M)[−1],
LQ) in the homology category H((C
∞
M, Q)−mod).
Of course, one can also treat (N, LQ) as a Lie algebra module object over (X (M)[−1], LQ)
in the homotopy category Π((C∞M, Q)−mod).
5.2. Canonical Atiyah cocycle of the dg complex (Dpoly, LQ, dH).
As a C∞M-module, D
1
poly admits the canonical connection
∇can : X (M)⊗K D
1
poly → D
1
poly,
∇canX D : = X ◦D,
for all X ∈ X (M) and D ∈ D1poly, where ◦ is the Gerstenhaber product defined by Eqt. (10).
The connection ∇can extends naturally to Dnpoly, i.e.,
∇canX (D1⊗˜ · · · ⊗˜Dn) : =
n∑
i=1
(−1)
∑i−1
j=1 |Dj |X˜D1⊗˜ · · · ⊗˜∇
can
X Di⊗˜ · · · ⊗˜Dn ,
for all homogeneous elements X ∈ X (M) and Di ∈ D
1
poly. The sum of all these connections on
Dnpoly (n > 0) gives a connection on totDpoly (see Remark 4.9), which is also denoted by ∇
can.
It is easy to see that the operator ∇canX preserves the subspace L(D
1
poly) ⊂ Dpoly, and thus ∇
can
is also a connection on tot L(D1poly).
Recall the coproduct ∆ : D1poly → D
2
poly defined in Eqt. (7).
Lemma 5.3. We have ∇canX ∆ = ∆∇
can
X , for all X ∈ X (M).
Proof. Suppose that X ∈ X (M) is homogeneous. Take D = X1 ◦ · · · ◦ Xn ∈ D
1
poly, where
Xi ∈ T
1
poly are homogeneous. On the one hand, by Eqts. (31) and (33) in Appendix, we have
∇X∆(D) = X ◦∆(D) =
∑
(±)X ◦ 〚X1 ◦Xσ(2) ◦ · · · ◦Xσ(p), Xσ(p+1) ◦ · · · ◦Xσ(n)〛
=
∑
(±)〚X ◦X1 ◦Xσ(2) ◦ · · · ◦Xσ(p), Xσ(p+1) ◦ · · · ◦Xσ(n)〛
+ (±)〚X ◦Xσ(p+1) ◦ · · · ◦Xσ(n), X1 ◦Xσ(2) ◦ · · · ◦Xσ(p)〛.
(17)
Here we denote by (±) the appropriate signs which can be worked out explicitly as explained in
Appendix.
On the other hand, we have
∆(∇XD) = ∆(X ◦D) = ∆(X ◦X1 ◦ · · · ◦Xn)
=
∑
(±)〚X ◦Xσ(1) ◦Xσ(2) ◦ · · · ◦Xσ(p), Xσ(p+1) ◦ · · · ◦Xσ(n)〛
(18)
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by Eqt. (31). From the right hand sides of Eqts. (17) and (18), we see that ∇X∆(D) =
∆(∇XD). 
Now we consider the Atiyah cocycles of (Dpoly, LQ, dH) and (L(D
1
poly), LQ, dH) associated
to the connection ∇can:
α∇
can
Dpoly : X (M)[−1]⊗C∞M totDpoly → totDpoly
and α∇
can
L(D1
poly
) : X (M)[−1]⊗C∞M tot L(D
1
poly)→ tot L(D
1
poly) .
Recall the multiplication map
∪ : (totDpoly, L
tot
Q )⊗C∞M(totDpoly, L
tot
Q )→ (totDpoly, L
tot
Q ) ,
∪(P1 ⊗C∞
M
P1) = P1 ∪ P2 : = P1 ∪ P2 , ∀P1, P2 ∈ Dpoly,
of the Hopf algebra object (totDpoly, L
tot
Q = LQ + dH) in the category (C
∞
M, Q)−mod of
(C∞M, Q)-modules. Here P1 ∈ totDpoly (resp. P2 ∈ totDpoly) is the corresponding element
of P1 ∈ Dpoly (resp. P2 ∈ Dpoly).
Lemma 5.4. The Atiyah cocycle α∇
can
Dpoly
is a derivation with respect to the multiplication ∪ of
the Hopf algebra object (totDpoly, L
tot
Q ) in the category (C
∞
M, Q)−mod, i.e.,
α∇
can
Dpoly(X,P1 ∪ P2) = α
∇can
Dpoly(X,P1) ∪ P2 + (−1)
(X˜+1)|P1|P1 ∪ α
∇can
Dpoly(X,P2),
for all homogeneous elements X ∈ X (M), P1 , P2 ∈ Dpoly, and X ∈ X (M)[−1] the corresponding
element of X.
Proof. It is easy to verify that the following diagram
(X (M)[−1], LQ)⊗C∞
M
(totDpoly ⊗C∞
M
totDpoly, L
tot
Q )
id⊗∪ //
α∇
can⊗id+id⊗∇can
totDpoly⊗totDpoly

(X (M)[−1], LQ)⊗C∞
M
(totDpoly, L
tot
Q )
α∇
can
totDpoly

(totDpoly ⊗C∞
M
totDpoly, L
tot
Q )
∪ // (totDpoly, LtotQ )
(19)
commutes in the category (C∞M, Q)−mod. Therefore, we have
α
∇can
Dpoly
(X,P1 ∪ P2) = ∪(α
∇can⊗id+id⊗∇can
totDpoly⊗C∞
M
totDpoly
(X,P1 ⊗C∞
M
P2)) (by commutativity of Diagram (19))
= ∪(α∇
can
totDpoly
(X,P1)⊗C∞
M
P2 + (−1)
(X˜+1)|P1|P1 ⊗C∞
M
α
∇can
totDpoly
(X,P2))
(by Proposition 4.6)
= α∇
can
Dpoly
(X,P1) ∪ P2 + (−1)
(X˜+1)|P1|P1 ∪ α
∇can
Dpoly
(X, P2) ,
for homogeneous elements X ∈ X (M) and P1, P2 ∈ Dpoly. 
Recall that Dpoly is endowed with the free Lie bracket 〚 , 〛 over C
∞
M (see Eqt. (3)). It induces
a Lie bracket on totDpoly, which is also denoted by 〚 , 〛. The subspace tot L(D
1
poly) ⊂ totDpoly
is a Lie subalgebra with respect to 〚 , 〛.
Proposition 5.5. The Atiyah cocycle α∇
can
Dpoly
is given by
α∇
can
Dpoly(X,D1 ∪ · · · ∪Dn) = 〚X,D1 ∪ · · · ∪Dn〛 ,
for all homogeneous elements X ∈ X (M), Di ∈ D
1
poly, X ∈ X (M)[−1] the corresponding element
of X, and Di ∈ totDpoly the corresponding element of Di.
Proof. By Lemma 5.4, α∇
can
Dpoly
(X, · ) is a derivation of degree X˜ + 1 (with respect to the ∪
product). Clearly, 〚X, · 〛 is also a derivation of degree X˜ + 1 with respect to ∪. Thus, to proof
the proposition, it suffices to show the n = 1 case, i.e.,
α∇
can
Dpoly
(X,D) = 〚X,D〛 , (20)
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for all X ∈ X (M) and D ∈ D1poly. In fact, by the definition of Atiyah cocycle in Eqt. (16), we
have
α∇
can
Dpoly(X,D) = (−1)
X˜(dH + LQ)∇
can
X (D)
− (−1)X˜∇can(id⊗ (dH + LQ) + LQ ⊗ id)(X⊗˜D)
= (−1)X˜(dH∇
can
X (D) − (−1)
X˜∇canX dH(D))
+ (−1)X˜(LQ∇
can
X (D)− (−1)
X˜∇canX LQ(D)−∇
can
[Q,X](D)) .
We now examine the last two lines:
• By Eqt. (9), we have
dH∇
can
X D = dH(XD)
= (−1)X˜+|D|(XD⊗˜1−∆(XD)− (−1)X˜+|D|1⊗˜XD) ,
and
(−1)X˜∇canX dHD = (−1)
X˜+|D|∇canX (D⊗˜1−∆(D)− (−1)
|D|1⊗˜D)
= (−1)X˜+|D|(XD⊗˜1 + (−1)X˜|D|D⊗˜X −∇canX ∆(D)
− (−1)|D|X⊗˜D − (−1)X˜+|D|1⊗˜XD) .
Thus by Lemma 5.3, we see that
dH∇
can
X D − (−1)
X˜∇canX dHD = (−1)
X˜(X⊗˜D − (−1)(X˜+1)|D|D⊗˜X)
= (−1)X˜〚X,D〛 .
• By direct computation, we have
LQ∇
can
X D − (−1)
X˜∇canX LQD −∇
can
[Q,X]D
= [Q,XD]− (−1)X˜X [Q,D]− [Q,X ]D = 0 .
Now Eqt. (20) is clear. 
As an immediate consequence, we have
Corollary 5.6. The Atiyah cocycle α∇
can
L(D1poly)
is given by
α∇
can
L(D1poly)
(X, 〚D1, · · · , 〚Dn−1, Dn〛, · · · 〛) = 〚X, 〚D1, · · · , 〚Dn−1, Dn〛, · · · 〛〛 ,
for all X ∈ X (M) and Di ∈ D
1
poly.
5.3. The main result.
The main result in this section is the following:
Theorem 5.7.
(1) The natural inclusion map θ : (X (M)[−1], LQ) → (tot L(D
1
poly), LQ + dH) is an iso-
morphism in the homotopy category Π((C∞M, Q)−mod) of (C
∞
M, Q)-modules. Moreover,
it is an isomorphism of Lie algebra objects (X (M)[−1], LQ; αM)→ (tot L(D
1
poly), LQ+
dH ; 〚 , 〛), i.e., the following diagram
(X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)
αM //
θ⊗θ

(X (M)[−1], LQ)
θ

(tot L(D1poly), LQ + dH)⊗C∞M (tot L(D
1
poly), LQ + dH)
〚 , 〛 // (tot L(D1poly), LQ + dH)
(21)
commutes in Π((C∞M, Q)−mod).
HOPF ALGEBRAS ARISING FROM DG MANIFOLDS 23
(2) The (C∞M, Q)-module (totDpoly, LQ+dH) is a Hopf algebra object in Π((C
∞
M, Q)−mod),
and is the universal enveloping algebra of the Lie algebra object (X (M)[−1], LQ; αM) in
Π((C∞M, Q)−mod).
Proof. Statement (1) follows from Proposition 3.10, Proposition 4.7 of functoriality of Atiyah
classes, and Corollary 5.6.
Recall that in Section 3.3, we have defined the Hopf algebra structure on (Dpoly, LQ, dH).
There induces a Hopf algebra structure on the (C∞M, Q)-module (totDpoly, LQ + dH). By
Corollary 3.9, (Dpoly, LQ, dH) is the universal enveloping algebra of the Lie algebra object
(L(D1poly), LQ, dH) in the category Ch((C
∞
M, Q)−mod) of (C
∞
M, Q)-complexes. By the tot
functor, we see that the (C∞M, Q)-module (totDpoly, LQ + dH) is the universal enveloping al-
gebra of the Lie algebra object (tot L(D1poly), LQ + dH) in the category (C
∞
M, Q)−mod, as
well as in the homotopy category Π((C∞M, Q)−mod) of (C
∞
M, Q)-modules. As we have an iso-
morphism θ : (X (M)[−1], LQ; αM) → (tot L(D
1
poly), LQ + dH ; 〚 , 〛) of Lie algebra objects in
Π((C∞M, Q)−mod), (totDpoly, LQ + dH) is the universal enveloping algebra of the Lie algebra
object (X (M)[−1], LQ; αM) in Π((C
∞
M, Q)−mod). This proves Statement (2). 
The following corollaries are direct consequences of Theorem 3.11 and Theorem 5.7. They are,
respectively, analogues of Corollary 1 and Theorem 3 in [30].
Corollary 5.8. The following diagram commutes in the homotopy category Π((C∞M, Q)−mod):
S•(X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)
µ◦ ω˜
1−e−ω˜ //
hkr⊗θ

S•(X (M)[−1], LQ)
hkr

(totDpoly, LQ + dH)⊗ (tot L(D
1
poly), LQ + dH)
∪ // (totDpoly, LQ + dH) .
Here µ denotes the natural symmetric product of S•(X (M)[−1], LQ), and the map
ω˜ : S•(X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)→ S
•(X (M)[−1], LQ)⊗C∞
M
(X (M)[−1], LQ)
is defined by
ω˜((X1 ⊙C∞
M
· · · ⊙C∞
M
Xn)⊗C∞
M
X) : =
n∑
i=1
(−1)♦i(X1 ⊙C∞
M
· · · X̂ i · · · ⊙C∞
M
Xn)⊗C∞
M
αM(X i, X)
for homogeneous elements X i, X ∈ X (M)[−1], where we denote by ⊙C∞
M
the C∞M-symmetric
tensor product in S•(X (M)[−1]) and ♦i = (X˜i+1 + · · ·+ X˜n + n− i)(X˜i + 1).
Corollary 5.9. For any (C∞M, Q)-module (N, LQ), the Atiyah class
αN : (X (M)[−1], LQ)⊗C∞
M
(N, LQ)→ (N, LQ)
can be uniquely lifted to a morphism α′N : (totDpoly, LQ + dH)⊗C∞M (N, LQ)→ (N, LQ) in the
homotopy category Π((C∞M, Q)−mod), i.e., the following diagram
(X (M)[−1], LQ)⊗C∞
M
(N, LQ)
(totDpoly, LQ + dH)⊗C∞
M
(N, LQ)
(N, LQ) .
θ⊗id

∃!α′
N
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦
αN //
commutes in the homotopy category Π((C∞M, Q)−mod).
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6. Hopf algebras arising from Lie pairs
Throughout this section, we denote by R = C∞(M,K) the ring of K-valued smooth functions
on a smooth manifold M .
6.1. The Atiyah class αL/A of a Lie pair (L, A).
The notion of Lie pair is a natural framework encompassing a range of diverse geometric
contexts including complex manifolds, foliations, and g-manifolds (i.e., manifolds endowed with
an infinitesimal action of a Lie algebra g). By a Lie pair, we mean an inclusion i : A →֒ L of Lie
K-algebroids over a smooth manifold M . Recall that a Lie K-algebroid is a K-vector bundle
L→M , whose space of sections is endowed with a Lie bracket [ , ], together with a bundle map
ρ : L→ TM ⊗RK called anchor such that ρ : Γ(L)→ X (M)⊗RK is a morphism of Lie algebras
and
[X, fY ] = f [X, Y ] + (ρ(X)f)Y,
for all X,Y ∈ Γ(L) and f ∈ R.
Given a Lie pair (L, A). For convenience, let us denote the quotient vector bundle L/A by B.
Denote by prB : L→ B the projection map. Note that B is naturally an A-module:
∇Bott : Γ(A)⊗K Γ(B)→ Γ(B) ,
∇Botta b := prB[a, l] ,
(22)
where a ∈ Γ(A), b ∈ Γ(B) and l ∈ Γ(L) satisfying prB(l) = b. The flat A-connection ∇
Bott on B
is also known as the Bott connection [6, 9].
We have a natural short exact sequence of vector bundles over M :
0→ A
i
−→ L
prB−→ B → 0 . (23)
A splitting of Sequence (23) is a map j : B → L of vector bundles such that prB ◦ j = idB. We
therefore obtain an isomorphism of vector bundles over M :
A⊕B ≃ L ,
(a, b) 7→ i(a) + j(b) ,
for all a ∈ Γ(A) and b ∈ Γ(B). In what follows, we fix the splitting j of Sequence (23) so that
one treats L = A⊕B directly.
Recall the definition of Atiyah class of the Lie pair (L, A) introduced in [9]. Let ∇ : Γ(L)⊗K
Γ(B)→ Γ(B) be a smooth L-connection on B which extends the Bott connection, i.e.,
∇ab = ∇
Bott
a b, ∀a ∈ Γ(A), b ∈ Γ(B) . (24)
Denote by A∨ (resp. B∨) the K-dual of the vector bundle A (resp. B). There associates a
1-cocycle α∇B in the Chevalley-Eilenberg complex (Γ(B
∨⊗End(B))⊗R Γ(∧
•A∨), dCE) of the Lie
algebroid A valued in the A-module B∨ ⊗ End(B):
α∇B ∈ Γ((B
∨ ⊗ End(B))⊗A∨) ≃ HomR(Γ(A⊗B),Γ(End(B))) .
It is defined by the following formula:
α∇B (a, b)e : = ∇
Bott
a ∇j(b)e−∇j(b)∇
Bott
a e−∇[a,j(b)]e ,
for all a ∈ Γ(A) and b, e ∈ Γ(B). We call α∇B the Atiyah cocycle of the Lie pair (L, A). The
cohomology class
αB = [α
∇
B ] ∈ H
1
CE(A,B
∨ ⊗ End(B))
does not depend on the choice of j and ∇. We call αB the Atiyah class of the Lie pair (L, A).
According to a theorem of Va˘ıntrob [36], given a K-vector bundle A over a smooth manifold
M , the homological vector fields on the graded manifold A[1] are in one-one correspondence
with the Lie algebroid structures on A. Indeed, the space of functions on the graded manifold
A[1] is Ω(A) := Γ(∧•A∨), and the homological vector field on A[1] is the Chevalley-Eilenberg
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differential dACE : Γ(∧
•A∨) → Γ(∧•+1A∨). In what follows, we denote by (A[1], dACE) the dg
manifold arising from the Lie algebroid structure of A, and by (Ω(A), dACE) the dg algebra of
functions on (A[1], dACE).
Let B! be the graded vector bundle over A[1] which is the pullback of the bundle B → M
along the natural projection A[1]→M :
B! //

B

A[1] // M .
By definition we have Γ(B!) = Γ(B ⊗ ∧•A∨) = Γ(B) ⊗R Ω(A), so Γ(B
!) has a natural Ω(A)-
module structure. Meanwhile, the natural A-module structure of B (see Eqt. (22)) defines the
Chevalley-Eilenberg differential dB
!
CE : Γ(B
!)→ Γ(B!). It turns out that the Chevalley-Eilenberg
complex (Γ(B!), dB
!
CE) is a (Ω(A), d
A
CE)-module. In other words, we have a dg vector bundle
(B!, dB
!
CE)→ (A[1], d
A
CE).
As the Lie pair Atiyah class αB is an element in the space
H1CE(A,B
∨ ⊗ End(B)) ≃
HomH((Ω(A), dACE)−mod)((Γ(B
!)[−1], dB
!
CE)⊗Ω(A) (Γ(B
!)[−1], dB
!
CE), (Γ(B
!)[−1], dB
!
CE)) ,
we consider it as a morphism
αB : (Γ(B
!)[−1], dB
!
CE)⊗Ω(A) (Γ(B
!)[−1], dB
!
CE)→ (Γ(B
!)[−1], dB
!
CE)
in the homology category H((Ω(A), dACE)−mod) of (Ω(A), d
A
CE)-modules.
6.2. The Hopf algebra (D•poly(L/A), dH).
It is known [38] that the universal enveloping algebra U(L) of a Lie algebroid L admits
a cocommutative coassociative coproduct ∆ : U(L) → U(L) ⊗R U(L), which is defined on
generators as follows:
∆(f) = f ⊗R 1 = 1⊗R f, ∀f ∈ R, ∆(p) = p⊗R 1 + 1⊗R p, ∀p ∈ Γ(L).
Moreover, U(L) is an L-module since each section l of L acts on U(L) by left multiplication.
Now given the Lie pair (L, A), consider the quotient D1poly(B) :=
U(L)
U(L)Γ(A) . It is straight-
forward to see that the coproduct on U(L) induces a coproduct ∆ : D1poly(B) → D
1
poly(B) ⊗R
D1poly(B) on D
1
poly(B) and the action of L on U(L) determines an action of A on D
1
poly(B). It
turns out that the quotient D1poly(B) is simultaneously a cocommutative coassociative R-algebra
and an A-module.
LetDnpoly(B) denotes the n-th tensorial powerD
1
poly(B)⊗R· · ·⊗RD
1
poly(B) ofD
1
poly(B) and, for
n = 0, set D0poly(B) = R. Stie´non, Xu, and the second author defined a complex (D
•
poly(B), dH)
in the category of A-modules [8], where dH : D
n
poly(B)→ D
n+1
poly(B) is the Hochschild differential
given by
dH(p1 ⊗R · · · ⊗R pn) = 1⊗R p1 · · · ⊗R pn −∆(p1)⊗R p2 · · · ⊗R pn + p1 ⊗R ∆(p2) · · · ⊗R pn − · · ·
+ (−1)np1 ⊗R · · · ⊗R ∆(pn) + (−1)
n+1p1 ⊗R · · · ⊗R pn ⊗R 1,
for p1, · · · , pn ∈ D
1
poly(B).
Consider the inclusion η : R →֒ D•poly(B), the projection ε : D
•
poly(B) → R, and the maps
t : D•poly(B)→ D
•
poly(B) and ∆˜ : D
•
poly(B)→ D
•
poly(B)⊗R D
•
poly(B) defined, respectively, by
t(p1 ⊗R p2 ⊗R · · · ⊗R pn) = (−1)
n(n−1)
2 pn ⊗R pn−1 ⊗R · · · ⊗R p1
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and
∆˜(p1⊗Rp2⊗R · · ·⊗Rpn) =
∑
i+j=n
∑
σ∈Sh(i, j)
sgn(σ)(pσ(1)⊗R · · ·⊗Rpσ(i))⊗R(pσ(i+1)⊗R · · ·⊗Rpσ(n)) ,
where Sh(i, j) denotes the set of (i, j)-shuffles. With the multiplication ⊗R, the comultiplication
∆˜, the unit η, the counit ε, and the antipole t, (D•poly(B), dH) is a Hopf algebra object in the
category of cochain complexes of A-modules [8].
Let L(D1poly(B)) be the free graded Lie algebra generated over R by D
1
poly(B), where D
1
poly(B)
is placed in degree (+1). In other words, L(D1poly(B)) is the smallest Lie subalgebra of D
•
poly(B)
containing D1poly(B). The Lie bracket of two elements u ∈ D
i
poly(B) and v ∈ D
j
poly(B) is the
element 〚u, v〛 = u ⊗R v − (−1)
ijv ⊗R u ∈ D
i+j
poly(B). It turns out that (L(D
1
poly(B)), dH ; 〚 , 〛)
is a Lie algebra object in the category of cochain complexes of A-modules.
6.3. The Fedosov dg Lie algebroid (F , LQF).
Let (L, A) be a Lie pair and let ∇ : Γ(L)⊗K Γ(B)→ Γ(B) be an L-connection which extends
the Bott A-connection on B (see Eqt. (24)). Suppose further that ∇ is torsion-free, i.e.,
∇l1prB(l2)−∇l2prB(l1) = prB([l1, l2]) , ∀ l1, l2 ∈ Γ(L) .
Here prB : Γ(L) → Γ(B) denotes the projection map. In [34], Stie´non and Xu defined a dg
manifold
(MF, QF) : = (L[1]⊕B, d
∇ 
L )
which they called the Fedosov dg manifold associated with the Lie pair (L, A). There are two
equivalent constructions of the homological vector field QF arising from (L, A). One is by way
of Fedosov’s iteration method, the other is by way of the PBW map. We will briefly recall the
second one. Let
pbw∇,j : Γ(SB)→ D1poly(B)
be the PBW map introduced in [19, 20]. Here SB denotes the symmetric tensor algebra of the
vector bundle B. The map pbw∇,j is an isomorphism of R-modules. There is a canonical flat
L-connection
∇can : Γ(L)⊗KD
1
poly(B)→ D
1
poly(B) ,
∇canl u : = l · u
(25)
for all l ∈ Γ(L) and u ∈ D1poly(B). Pulling back ∇
can via the map pbw∇,j , we obtain a flat
L-connection on SB:
∇ : Γ(L)⊗K Γ(SB)→ Γ(SB) ,
∇ l s : =(pbw
∇,j)−1 ◦ ∇canl ◦ pbw
∇,j(s)
for l ∈ Γ(L) and s ∈ Γ(SB). Let SˆB∨ = HomK(SB, M × K) be the K-dual bundle of SB. It
turns out that there induces a flat connection on SˆB∨, which is denoted by the same symbol ∇ .
We denote the corresponding Chevalley-Eilenberg differential by
d∇
 
L : Γ(SˆB
∨)⊗R Γ(∧
•L∨)→ Γ(SˆB∨)⊗R Γ(∧
•+1L∨) .
Henceforth we will denote Ω(L) = Γ(∧•L∨).
The ring of functions on the graded manifold MF = L[1] ⊕ B is clearly Γ(SˆB
∨) ⊗R Ω(L).
Together with the homological vector field QF := d
∇ 
L , the pair (MF, QF) is called the Fedosov
dg manifold. (For more details, see [34, Section 2] and [3, 21].) Clearly, MF can be thought of
as a vector bundle over L[1]. We denote by π : MF → L[1] the natural projection. It can be
verified that π : (MF, QF) → (L[1], d
L
CE) is a morphism of dg manifolds (see [5] and [34] for
details). Hence, the dg subbundle (F , LQF) := (kerπ∗, LQF) ⊂ (TMF , LQF) is a dg foliation of
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the dg manifold (MF, QF). Stie´non and Xu called it a Fedosov dg Lie algebroid. By the
construction of F , we have the following fact (see [3, Pages 12-13]):
Γ(F) = DerΩ(L)(C
∞
MF , C
∞
MF) ≃ Γ(B)⊗R C
∞
MF = Γ(B ⊗ ∧
•L∨ ⊗ SˆB∨) .
In other words, the space Γ(F) consists of vertical vector fields along the fibration π : MF →
L[1].
We have an obvious embedding map ι : A[1] →֒ MF = L[1]⊕B. Moreover, it is proved in [34]
that
ι : (A[1], dACE) →֒ (MF, QF) (26)
is a morphism of dg manifolds as well as a quasi-isomorphism. In other words, the induced map
ι∗ : (C∞MF , QF) = (Γ(SB ⊗ ∧
•L∨), d∇
 
L ) → (Ω(A), d
A
CE) is a quasi-isomorphism of differential
graded algebras.
By construction of the Fedosov dg Lie algebroid (F , LQF), we have a natural pullback diagram
of dg vector bundles
(B!, dB
!
CE)
ι //

(F , LQF)

(A[1], dACE)
ι // (MF, QF) .
In other words, we have ι∗(F , LQF) = (B
!, dB
!
CE), or
(Γ(B!), dB
!
CE) = (Γ(F), LQF)⊗C∞MF
(Ω(A), dACE) .
By this fact, we can treat the (Ω(A), dACE)-module (Γ(B
!), dB
!
CE) as a (C
∞
MF
, QF)-module.
Consider the (C∞MF , QF)-complexes of polyvector fields and polydifferential operators on
(MF, QF), which are denoted by (Tpoly(MF), LQF , δ = 0) and (Dpoly(MF), LQF , δ = dH),
respectively. Let D1poly ⊂ DMF be the subspace of vertical differential operators along the
fibration π : MF → L[1]. Indeed, D
1
poly can be expressed by
D
1
poly = Γ(SB)⊗R C
∞
MF = Γ(SB ⊗ ∧
•L∨ ⊗ SˆB∨) .
(See [3, Pages 13-14].) As (F , LQF) is a dg vector bundle, (D
1
poly, LQF) is a (C
∞
MF
, QF)-module.
We also have the (C∞MF , QF)-subcomplex
(Tpoly, LQF , δ = 0) ⊂ (Tpoly(MF), LQF , 0)
of vertical polyvector fields and the (C∞MF , QF)-subcomplex
(Dpoly, LQF , δ = dH) ⊂ (Dpoly(MF), LQF , dH)
of vertical polydifferential operators. Meanwhile, we have identifications of C∞MF-modules
(see [3, Pages 13-14]):
totTpoly = Γ(∧
•B)⊗R C
∞
MF = Γ(∧
•B ⊗ ∧•L∨ ⊗ SˆB∨)
and totDpoly = Γ(⊗
•(SB)) ⊗R C
∞
MF = Γ(⊗
•(SB)⊗ ∧•L∨ ⊗ SˆB∨) .
6.4. The Atiyah class αF .
In general, given a dg foliation (F , LQ) of a dg manifold (M, Q), one has the notions of
F -Atiyah cocycle and F -Atiyah class of a (C∞M, Q)-module (N, LQ). Their definitions are com-
pletely analogous to the definitions of the Atiyah cocycle and the Atiyah class of the (C∞M, Q)-
module (N, LQ). For details, see the paper [27]. In particular, we consider the Fedosov dg Lie
algebroid (F , LQF) and the (C
∞
MF
, QF)-module (Γ(F)[−1], LQF). In this situation, we have a
canonical F -connection ∇F on the R-module Γ(F) characterized by the relation (see [24] for
more details)
∇FXY = 0, ∀X,Y ∈ Γ(B) ⊂ Γ(F).
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The operator ∇F also defines a F -connection on Γ(F)[−1]. Accordingly, the F-Atiyah cocycle
associated to the F -connection ∇F on Γ(F)[−1] is a morphism of (C∞MF , QF)-modules:
α∇
F
Γ(F)[−1] : (Γ(F)[−1], LQF)⊗C∞MF
(Γ(F)[−1], LQF)→ (Γ(F)[−1], LQF) ,
α∇
F
Γ(F)[−1](X,Y ) := (−1)
X˜(LQF(∇
F
XY )−∇
F
[QF,X]
Y − (−1)X˜∇FXLQF(Y )).
Here the notation X ∈ Γ(F)[−1] (resp. Y ∈ Γ(F)[−1]) denotes the element that corresponds to
X ∈ Γ(F) (resp. Y ∈ Γ(F)). Here and in the rest of this paper, we denote by (C∞MF , QF)−mod
the category of (C∞MF , QF)-modules. The F-Atiyah class of (Γ(F)[−1], LQF), denoted simply
by αF , is the morphism in the homology category H((C
∞
MF
, QF)−mod) induced by α
∇F
Γ(F)[−1]:
αF : (Γ(F)[−1], LQF)⊗C∞MF
(Γ(F)[−1], LQF)→ (Γ(F)[−1], LQF) .
Similar to Theorem 5.1, the Atiyah class αF defines a Lie algebra object (Γ(F)[−1], LQF ; αF )
in H((C∞MF , QF)−mod).
Let L(D1poly) ⊂ L(D
1
poly(MF)) be the free Lie algebra generated over C
∞
MF
by D1poly (where
D1poly is placed in horizontal degree (+1)). As the vertical differential LQF : L(D
1
poly(MF)) →
L(D1poly(MF)) and the horizontal differential dH : L(D
1
poly(MF))→ L(D
1
poly(MF)) preserve the
subspace L(D1poly) ⊂ L(D
1
poly(MF)), (L(D
1
poly), LQF , dH) ⊂ (L(D
1
poly(MF)), LQF , dH) is a Lie
subalgebra object in the category Ch((C∞MF , QF)−mod) of (C
∞
MF
, QF)-complexes. Denote by
θ : (Γ(F)[−1], LQF)→ (tot L(D
1
poly), LQF+dH) the natural inclusion map. We have the following
analogue of Theorem 5.7:
Theorem 6.1. Let (F , LQF) be the Fedosov dg Lie algebroid as above.
(1) The natural inclusion map θ : (Γ(F)[−1], LQF) → (tot L(D
1
poly), LQF + dH) is an iso-
morphism in the homotopy category Π((C∞MF , QF)−mod) of (C
∞
MF
, QF)-modules. More-
over, it is an isomorphism of Lie algebra objects (Γ(F)[−1], LQF ; αF ) → (tot L(D
1
poly),
LQF + dH ; 〚 , 〛), i.e., the following diagram
(Γ(F)[−1], LQF)⊗C∞MF
(Γ(F)[−1], LQF)
αF //
θ⊗θ

(Γ(F)[−1], LQF)
θ

(tot L(D1poly), LQF + dH)⊗C∞MF
(tot L(D1poly), LQF + dH)
〚 , 〛 // (tot L(D1poly), LQF + dH) .
commutes in Π((C∞MF , QF)−mod).
(2) The (C∞MF , QF)-module (totDpoly, LQF + dH) is a Hopf algebra object in the category
Π((C∞MF , QF)−mod), and is the universal enveloping algebra of the Lie algebra object
(Γ(F)[−1], LQ; αM) in Π((C
∞
MF
, QF)−mod).
6.5. Relation between αL/A and αF .
Recall the embedding map ι : (A[1], dACE) →֒ (MF, QF) of dg manifolds (see Eqt. (26)). The
following facts are proved by [3, Proposition 3.3] and [24, Corollary 1.21 and Proposition A.11].
Proposition 6.2.
(1) The restriction map ι∗ : (Γ(F), LQF)→ (Γ(B
!), dB
!
CE) is a quasi-isomorphism of (C
∞
MF
,
QF)-modules.
(2) The induced map
ι∗ : (Hom•C∞
MF
(Γ(F)⊗C∞
MF
Γ(F),Γ(F)), LQF)
→ (HomR(Γ(B)⊗R Γ(B),Γ(B)) ⊗R Ω(A), d
B!
CE)
sends α∇
F
F to α
∇
B .
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(3) The following diagram commutes in the homotopy category Π((C∞MF , QF)−mod):
(Γ(F)[−1], LQF)⊗C∞MF
(Γ(F)[−1], LQF)
αF //
ι∗⊗ι∗

(Γ(F)[−1], LQF)
ι∗

(Γ(B!)[−1], dB
!
CE)⊗Ω(A) (Γ(B
!)[−1], dB
!
CE)
αB // (Γ(B!)[−1], dB
!
CE) .
Here we have treated the Lie pair Atiyah class
αB : (Γ(B
!)[−1], dB
!
CE)⊗Ω(A) (Γ(B
!)[−1], dB
!
CE)→ (Γ(B
!)[−1], dB
!
CE)
in Statement (3) as a morphism in the homotopy category Π((C∞MF , QF)−mod). Note that
Statement (3) is a direct consequence of Statements (1) and (2).
6.6. Relation between D1poly and D
•
poly(L/A).
Recall that the PBW map pbw∇,j : Γ(SB) → D1poly(B) is an isomorphism of R-modules,
and thus the induced map
pbw∇,j ⊗R id : D
1
poly = Γ(SB)⊗R C
∞
MF → D
1
poly(B)⊗R C
∞
MF
is an isomorphism of graded C∞MF -modules. The isomorphism pbw
∇,j ⊗R id transports the
differential LQF on D
1
poly to a differential dcan on D
1
poly(B)⊗RC
∞
MF
so that the following diagram
commutes:
D1poly
LQF

pbw∇,j⊗Rid // D1poly(B)⊗R C
∞
MF
dcan

D1poly
pbw∇,j⊗Rid // D1poly(B)⊗R C
∞
MF
.
In other words, we have the isomorphism of (C∞MF , QF)-modules:
pbw∇,j ⊗R id : (D
1
poly, LQF)→ (D
1
poly(B)⊗R C
∞
MF , dcan).
Recall that D1poly(B) is a left A-module. We use the notation d
B
CE to denote the Chevalley-
Eilenberg differential on D1poly(B)⊗R Ω(A). We note that in [37], for the Lie pair (L = TM , A =
TF) arising from a foliation F on M , it is proved that the space D
1
poly(B) ⊗R Ω(A) admits an
A∞-algebra structure whose unary bracket is d
B
CE.
Now we are able to draw a commutative diagram in the category (C∞MF , QF)−mod of (C
∞
MF
,
QF)-modules —
(totDpoly, LQF + dH) (D
•
poly(B)⊗R C
∞
MF
, dcan + dH ⊗R id)
(D•poly(B)⊗R Ω(A), d
B
CE + dH ⊗R id) ,
pbw∇,j⊗Rid //
id⊗R ι
∗

I
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
where id ⊗R ι
∗ : D•poly(B) ⊗R C
∞
MF
→ D•poly(B) ⊗R Ω(A) is the restriction map and I is the
composition of the horizontal and vertical arrows in the diagram. According to [3, Proposition
3.13 and Lemma 3.14], we have the following facts:
• The horizontal map pbw∇,j ⊗R id is an isomorphism of (C
∞
MF
, QF)-modules;
• The vertical map id⊗R ι
∗ is a quasi-isomorphism of (C∞MF , QF)-modules.
Consequently, I is a quasi-isomorphism of (C∞MF , QF)-modules.
The next proposition can be verified directly.
30 JIAHAO CHENG, ZHUO CHEN, AND DADI NI
Proposition 6.3.
The following diagram commutes in the homotopy category Π((C∞MF , QF)−mod):
⊗2C∞
M
(tot L(D1poly), LQF + dH)
〚 , 〛 //
I⊗2

(tot L(D1poly), LQF + dH)
I

⊗2Ω(A)(L(D
1
poly(B)) ⊗R Ω(A), d
B
CE + dH ⊗R id)
〚 , 〛 // (L(D1poly(B))⊗R Ω(A), d
B
CE + dH ⊗R id) .
6.7. Conclusion — the big diagram.
Let β : (Γ(B!)[−1], dB
!
CE)→ (L(D
1
poly(B))⊗R Ω(A), d
B
CE + dH ⊗R id) be the natural inclusion
map of (Ω(A), dACE)-modules. As we have the morphism ι
∗ : (C∞MF , QF) → (Ω(A), d
A
CE) of
differential graded algebras, β is also an inclusion map of (C∞MF , QF)-modules.
Theorem 6.4. The following diagram commutes in the homotopy category Π((C∞MF , QF)−mod):
⊗2
C∞
MF
(Γ(F)[−1], LQF
)
(ι∗)⊗2
$$❏
❏❏
❏❏
❏❏
❏
θ⊗2 //
αF

⊗2
C∞
MF
(tot L(D1poly), LQF
+ dH )
I⊗2
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
〚 , 〛

⊗2Ω(A)(Γ(B
!)[−1], dB
!
CE)
β⊗2 //
αB

⊗2Ω(A)(L(D
1
poly(B))⊗RΩ(A), d
B
CE + dH ⊗R id)
〚 , 〛

(Γ(F)[−1], LQF
)
ι∗
%%❑❑
❑❑
❑❑
❑❑
❑
θ // (tot L(D1poly), LQF + dH)
I
**❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
(Γ(B!)[−1], dB
!
CE)
β // (L(D1poly(B))⊗RΩ(A), dBCE + dH ⊗R id) .
(27)
Moreover, the map β in the front lower edge is an isomorphism in Π((C∞MF , QF)−mod).
Proof. It is not hard to see that the top and the bottom faces of the above cubic Diagram (27) are
both commutative. By Theorem 6.1, the back face commutes. By Proposition 6.2, the left face
commutes, and by Proposition 6.3, the right face commutes. Note that ι∗ and I are isomorphisms
in the category Π((C∞MF , QF)−mod). Thus the front face commutes, and the map β in the front
lower edge is an isomorphism in Π((C∞MF , QF)−mod). 
As an application of Theorem 6.4, we recover the following result of Chen-Stie´non-Xu [8]:
Corollary 6.5. Let β : Γ(B)[−1]→ (L(D1poly(B)), dH) be the natural inclusion map.
(1) The map β is an isomorphism in the derived category Db(A) of A-modules. Moreover, it
is an isomorphism of Lie algebra objects, i.e., the following diagram commutes in Db(A):
Γ(B)[−1]⊗R Γ(B)[−1]
β⊗β //
αB

(L(D1poly(B)), dH)⊗R (L(D
1
poly(B)), dH)
〚 , 〛

Γ(B)[−1]
β // (L(D1poly(B)), dH) .
(2) The cochain complex of A-modules (D•poly(B), dH) is the universal enveloping algebra of
the Lie algebra object (Γ(B)[−1]; αB), and is a Hopf algebra object in D
b(A).
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7. Relation with Ramadoss’s work
In [30], Ramadoss studied the algebraic Atiyah classes of algebraic vector bundles over a field
K of characteristic zero. In this part, We will describe without proofs the link between some of
Ramadoss’s results and ours in the case K = C.
Let (X,OX) be a smooth scheme over C, and E an algebraic vector bundle over X . The
algebraic Atiyah class α(E) ∈ Ext1OX (TX ⊗OX E,E) of E → X is the extension class of the
jet sequence
0→ E
i
−→ D61X ⊗
OX
E
j
−→ TX ⊗OX E → 0
in the category of OX -modules.
We denote by αX the algebraic Atiyah class of the algebraic tangent bundle TX . In the category
of cochain complexes of coherent OX -modules, we have the Hopf algebra object (D
•
poly, dH) and
the Lie algebra object (L(D1poly), dH ; 〚 , 〛) arising from the scheme (X, OX) [30]. They are,
respectively, algebraic versions of (Dpoly, LQ, dH) and (L(D
1
poly), LQ, dH ; 〚 , 〛) arising from a
dg manifold. The following theorem is obtained by Ramadoss [30, Theorem 2]:
Theorem 7.1. The diagram
TX [−1]⊗OX TX [−1]
αX //
θ⊗θ

TX [−1]
θ

(L(D1poly), dH)⊗OX (L(D
1
poly), dH)
〚 , 〛 // (L(D1poly), dH)
(28)
commutes in the derived category D+(OX) of bounded below complexes of coherent OX-modules,
where θ : TX [−1]→ (L(D
1
poly), dH) is the natural inclusion map.
Denote by Xsm the underlying smooth manifold of the scheme X , and Xan the underlying
complex manifold. Let (X = T 0,1Xsm [1], Q = ∂) be the dg manifold associated with the Dolbeault
resolution of the sheaf of holomorphic functions OanX . In other words, the support of X is X
sm,
the dg algebra of smooth functions C∞X is Ω
0,•
Xsm , and the homological vector field Q is ∂.
We fix the scheme (X, OX) and the corresponding dg manifold (X, Q) defined as above.
Then we construct a functor c0 from the category of algebraic vector bundles over X to the
category of dg vector bundles over (X, Q): Let E → X be an algebraic vector bundle over X .
Denote by Esm (resp. Ean) the underlying smooth (resp. holomorphic) vector bundle over Xsm
(resp. Xan). We define c0(E) to be the dg vector bundle (E , LQ)→ (X, Q) associated with the
Dolbeault resolution of Ean. In other words, we have Γ(E) = Ω0,•Xsm ⊗C∞(Xsm,C) Γ(E
sm) and
LQ = ∂. Meanwhile, let g : E1 → E2 be a morphism of algebraic vector bundles. We define
c0(g) : (E1, LQ) → (E2, LQ) to be the natural morphism of dg vector bundles arising from the
induced map g : Γ(Esm1 )→ Γ(E
sm
2 ).
In a natural manner, we can upgrade the aforementioned functor c0 to a functor
c : D+(OX)→ Π((C
∞
X , Q)−mod) .
Proposition 7.2.
With the notations as above, the functor c sends the Atiyah class α(E) ∈ Ext1OX (TX⊗OXE, E)
of the algebraic vector bundle E → X to the Atiyah class αE ∈ HomΠ((C∞
X
, Q)−mod)(X (X)[−1]
⊗C∞
X
E , E) of the dg vector bundle (E , LQ)→ (X, Q).
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In other words, the algebraic Atiyah class α(E) and the dg Atiyah class αE coincide at the
lower right corner of the following diagram:
α(E) ∈ Ext1OX (TX ⊗OX E, E) αE ∈ HomH((C
∞
X
, Q)−mod)(X (X)[−1]⊗C∞
X
E , E)
HomD+(OX)(TX [−1]⊗OX E, E) HomΠ((C∞X , Q)−mod)(X (X)[−1]⊗C
∞
X
E , E) .

c //
≃

Here the vertical arrow on the right hand side comes from the natural functor H((C∞X , Q)−mod)
→ Π((C∞X , Q)−mod).
Proposition 7.3. The functor c sends Ramadoss’s Diagram (28) in the category D+(OX) to
the commutative diagram
(X (X)[−1], LQ)⊗C∞
X
(X (X)[−1], LQ)
αX //
θ⊗θ

(X (X)[−1], LQ)
θ

(tot L(D1poly), LQ + dH)⊗C∞X (tot L(D
1
poly), LQ + dH)
〚 , 〛 // (tot L(D1poly), LQ + dH)
(29)
in the category Π((C∞X , Q)−mod).
In fact, Diagram (29) is a special case of Diagram (21) where the dg manifold is (X, Q). So,
Theorem 5.7 can be seen as an analogue to Theorem 7.1 (Theorem 2 in [30]) in the setting of
dg manifolds. Also, among our results, Theorem 3.11, Corollary 5.8, and Corollary 5.9, are,
respectively, analogous to Ramadoss’s Theorem 1, Corollary 1, and Theorem 3 in [30].
8. Appendix
Let M be a graded manifold. In this part we will establish a key relation (Proposition 8.1)
between the coproduct ∆ defined by Eqt. (7), the free Lie bracket 〚 , 〛 defined by Eqt. (3), and
the Gerstenhaber product ◦ defined by Eqt. (10).
Recall that the space of differential operators DM is spanned (over K) by elements of the form
D = X1 ◦ · · · ◦Xn , (30)
where X1, · · · , Xn ∈ X (M) are homogeneous elements. In what follows, we will also treat the
above D as an element in D1poly and Xi as elements in T
1
poly.
Proposition 8.1. Given an element D ∈ D1poly as in Eqt. (30), we have
∆(D) =
∑
σ∈S
(−1)τ(σ)〚X1 ◦Xσ(2) ◦ · · · ◦Xσ(p), Xσ(p+1) ◦ · · · ◦Xσ(n)〛 . (31)
Here S is the set of permutations σ : {1, · · · , n} → {1, · · · , n} such that σ(1) = 1, 1 < σ(2) <
· · · < σ(p) and σ(p + 1) < · · · < σ(n), where 1 6 p 6 n. The number τ(σ) is defined by
τ(σ) : = τ1(σ) + τ2(σ), where τ1(σ) equals X˜σ(p+1) + · · · + X˜σ(n) and τ2(σ) is the Koszul sign
determined by the ordinary degrees X˜i, i.e.,
X2 ⊙C∞
M
· · · ⊙C∞
M
Xn = (−1)
τ2(σ)Xσ(2) ⊙C∞M · · · ⊙C∞M Xσ(n) .
Here ⊙C∞
M
denotes the symmetric product in S•(X (M)).
We need the following lemma first. Recall the Hochschild differential dH : D
n
poly → D
n+1
poly
defined by Eqt. (8).
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Lemma 8.2. For all homogeneous elements D, E ∈ Dpoly and X ∈ T
1
poly, we have
dH(D ◦ E) = dH(D) ◦ E + (−1)
|D|−1D ◦ dH(E) , (32)
and X ◦ 〚D, E〛 = 〚X ◦D, E〛+ (−1)|D||E|+1〚X ◦ E, D〛 . (33)
Proof. Eqt. (32) can be verified directly by definitions of the Hochschild differential dH and
the Gerstenhaber product ◦. In fact, there is a similar identity for Hochschild complexes of
associative algebras in [13].
To prove Eqt. (33), we observe that
X ◦ (D⊗˜E) = (X ◦D)⊗˜E + (−1)(|X|+1)|D|D⊗˜(X ◦ E) ,
for homogeneous elements D, E ∈ Dpoly and X ∈ T
1
poly, and similarly, we have
X ◦ (E⊗˜D) = (X ◦ E)⊗˜D + (−1)(|X|+1)|E|E⊗˜(X ◦D) .
Therefore, the right hand side of Eqt. (33) can be computed as follows:
X ◦ 〚D, E〛 = X ◦ (D⊗˜E − (−1)|D||E|E⊗˜D)
= 〚X ◦D, E〛+ (−1)(|X|+1)|D|〚D, X ◦E〛
= 〚X ◦D, E〛+ (−1)(|X|+1)|D|+(|X|+|E|−1)|D|+1〚X ◦ E, D〛
= 〚X ◦D, E〛+ (−1)|D||E|+1〚X ◦ E, D〛 .
Thus Eqt. (33) is proved. 
We now give the
Proof of Proposition 8.1. We adopt an inductive approach. The n = 1 case can be easily exam-
ined:
∆(X1) = X1⊗˜idC∞
M
+ (−1)X˜1 idC∞
M
⊗˜X1
= X1⊗˜idC∞
M
− (−1)X˜1+1idC∞
M
⊗˜X1 = 〚X1, idC∞
M
〛 .
Suppose that Eqt. (31) is proved for some n > 1. For the n + 1 case, we write the element
D = X1 ◦ · · · ◦Xn+1 as
D = X1 ◦ · · · ◦Xn+1 = X1 ◦D
′ ,
where D′ = X2 ◦ · · · ◦Xn+1. By the induction assumption, we have
∆(D′)− 〚D′, idC∞
M
〛 =
∑
σ′∈S′
(−1)τ(σ
′)〚X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛 ,
(34)
where S′ is the set of permutations σ′ : {2, · · · , n + 1} → {2, · · · , n + 1} such that σ′(2) = 2,
2 < σ′(3) < · · · < σ′(p+ 1), and σ′(p+ 2) < · · · < σ′(n+ 1) for some 1 6 p 6 n− 1.
Applying X1 ◦ · to each term in the right hand side of Eqt. (34), and using Eqt. (33), we have
X1 ◦ 〚X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛
= 〚X1 ◦X2 ◦Xσ′(3) · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛
+ (−1)(A+1)(B+1)+1〚X1 ◦Xσ′(p+2) ◦ · · · ◦Xσ′(n+1), X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1)〛 ,
34 JIAHAO CHENG, ZHUO CHEN, AND DADI NI
where A = X˜2 + X˜σ′(3) + · · ·+ X˜σ′(p+1) and B = X˜σ′(p+2) + · · ·+ X˜σ′(n+1). So by Eqt. (34) we
get
X1 ◦ (∆(D
′)− 〚D′, idC∞
M
〛) =∑
σ′∈S′
(−1)τ(σ
′)X1 ◦ 〚X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛
=
∑
σ′∈S′
(−1)τ(σ
′)〚X1 ◦X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛
+
∑
σ′∈S′
(−1)τ(σ
′)+A+B+AB〚X1 ◦Xσ′(p+2) ◦ · · · ◦Xσ′(n+1), X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1)〛 .
(35)
Now we have
∆(D) = ∆(X1 ◦D
′)
= 〚X1 ◦D
′, idC∞
M
〛− (−1)X˜1+D˜
′+1dH(X1 ◦D
′) (by Eqt. (9))
= 〚X1 ◦D
′, idC∞
M
〛+ (−1)D˜
′
X1 ◦ dH(D
′) (by Eqt. (32) and dH(X1) = 0)
= 〚X1 ◦D
′, idC∞
M
〛+X1 ◦ (∆(D
′)− 〚D′, idC∞
M
〛) (by Eqt. (9))
= 〚X1 ◦D
′, idC∞
M
〛
+
∑
σ′∈S′
(−1)τ(σ
′)〚X1 ◦X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1), Xσ′(p+2) ◦ · · · ◦Xσ′(n+1)〛
+
∑
σ′∈S′
(−1)τ(σ
′)+A+B+AB〚X1 ◦Xσ′(p+2) ◦ · · · ◦Xσ′(n+1), X2 ◦Xσ′(3) ◦ · · · ◦Xσ′(p+1)〛 .
(by Eqt. (35))
(36)
We then verify that we have the desired signs in the last two lines of Eqt. (36). For each
σ′ ∈ S′ as above, we define two new permutations of {1, · · · , n+ 1} as follows:
• Let σ˜′ : {1, · · · , n + 1} → {1, · · · , n + 1} be the permutation defined by σ˜′(1) = 1 and
σ˜′|{2,··· ,n+1} = σ
′. It is clear that we have
τ(σ˜′) = τ(σ′) = τ1(σ
′) + τ2(σ
′) = B + τ2(σ
′) . (37)
• Let σˆ′ : {1, · · · , n+ 1} → {1, · · · , n+ 1} be the permutation defined by setting
σˆ′(1) = 1 ,
σˆ′(2) = σ′(p+ 2), · · · , σˆ′(n+ 1− p) = σ′(n+ 1) ,
σˆ′(n+ 2− p) = 2, · · · , σˆ′(n+ 1) = σ′(p+ 1) .
It is clear that we have τ1(σˆ
′) = A and τ2(σˆ
′) = AB + τ2(σ
′). Therefore, we have
τ(σˆ′) = A+AB + τ2(σ
′) and
(−1)τ(σˆ
′) = (−1)A+AB+τ2(σ
′) = (−1)τ(σ
′)+A+B+AB . (38)
Combining Eqts. (36), (37), and (38), we finally get
∆(D) = 〚X1 ◦D
′, idC∞
M
〛
+
∑
{σ˜′: σ′∈S′}
(−1)τ(σ˜
′)〚X1 ◦X2 ◦Xσ˜′(3) ◦ · · · ◦Xσ˜′(p+1), Xσ˜′(p+2) ◦ · · · ◦Xσ˜′(n+1)〛
+
∑
{σˆ′: σ′∈S′}
(−1)τ(σˆ
′)〚X1 ◦Xσˆ′(2) ◦ · · · ◦Xσˆ′(n+1−p), X2 ◦Xσˆ′(n+3−p) ◦ · · · ◦Xσˆ′(n+1)〛 .
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Observe that the union of sets {id{1,··· ,n+1}}∪{σ˜
′ : σ′ ∈ S′}∪{σˆ′ : σ′ ∈ S′} is exactly the set of
all permutations σ : {1, · · · , n+ 1} → {1, · · · , n+ 1} such that σ(1) = 1, 1 < σ(2) < · · · < σ(p)
and σ(p+ 1) < · · · < σ(n+ 1) for some p > 1. Thus Eqt. (31) is proved for the n+ 1 case. 
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